Mission-Oriented Seismic
Research Program

Annual Report
2009

University of Houston



Sponsors and Advisory Board representatives

Corporate Sponsors

Amerada Hess .. ... Scott Morton, Jacques Leveille
Anadarko .. ..o Roger Reagan
B Uwe Albertin
BHP Michael Richardson
ChevronTexaco . .....o.ui i e Debbie Bones
ConocoPhillips ... ..o Douglas Foster, Robert Stolt
Devon Energy ..o Kenneth Beeney
Encana ... . o William Goodway, David Mackidd
BN A gD o Michele Buia
ExxonMobil .. ... Peter Traynin
GX Technology ... Nick Bernitsas, Robert Bloor
BT Tom McClure
Landmark .. ... Dave Diller
Petrochina Company Limited . ... .. Jixiang Xu
Petrobras ... Neiva Zago
PGS Martin Widmaier, Steve Kelly
Repsol . Francisco Ortigosa Fernandez
SAUAl ATAIMNCO .« .ottt e e et e e e e e Yi Luo
el . Jonathan Sheiman
v T ) 1 Lasse Amundsen
WesternGeco .. ..o William Dragoset

Federal Support

DOE Basic Sciences award DE-FG02-05ER15697 ... o Nick Woodward
NSF-CMG award DMS-0327778 ... .. e Henry A. Warchall



Personnel M-OSRP09

M-OSRP Personnel

Faculty

Lasse Amundsen (Statoil) ............. oo i Adjunct Professor (Physics)
Douglas J. Foster! (ConocoPhillips) ................cooveiiinieiin... Adjunct Professor (Physics)
Kristopher A. Innanen (Associate Professor, University of Calgary) .. Adjunct Professor (Physics)
Robert G. Keys (ConocoPhillips) .........cocoiiiiiiiiiiiii.. Adjunct Professor (Physics)
Jacques Leveille (Amerada Hess) .............o.. o L. Adjunct Professor (Physics)
Fang Liu ..o Research Assistant Professor (Physics)
Ken H. Matson (Shell) ..........o.. il Adjunct Associate Professor (Physics)
Bogdan Nita (Assistant Professor, Montclair State U.) ..... Adjunct Assistant Professor (Physics)
Partha Routh ........ . .. . . Adjunct Professor (Physics)
Jon Sheiman (Shell) ... ..o Adjunct Professor (Physics)
Robert H. Stolt (ConocoPhillips) ...........coooiiiiiiiiiiin.., Adjunct Professor (Physics)
T. Hing Tan (Shell) ... e Adjunct Professor (Physics)
Paolo Terenghi ... PostDoc Fellow (Physics)
Arthur B. Weglein ... o Cullen Professor (Physics)
Daniel Whitmore (PGS) ... . Adjunct Professor (Physics)

il



Personnel M-OSRP09

Ph.D. Students

XU L Physics
Zhiqiang Wamng ... ..o Physics
Jim Mayhan .o Physics
Shih-Ying HIsu ..o Physics
a0 JIang .o Geosciences
Hong Liang . ..o Physics
D Chang Physics
JINIOTIg Yamg ..o Physics

Recent Alumni

Adriana Citlali Ramirez . ... ... e Physics
Haiyan Zhang .. ... e Physics
Jingfeng Zhang ... . Physics
Famg LU oo Physics
Zhiiang GUO . ..ottt e Geosciences
Francisco Miranda .. ..... ...t e e Physics
SImon AL Shaw ... Geosciences
Jose Eduardo Lira . ... Geosciences?
MIn Vg .o e Physics
Shansong JIang ... ..o Physics

Administrative Support

Jennifer Chin-Davis ........ Business Administrator
Nguyen Tran . ... Program Accountant
Angela COWan .. ...t e Program Coordinator
Andrew Fortney, Marco Moncada .......... ... o, Computer/IT Support
Jesse Wegleln .. ... Webmaster /T LC?
Adam Blount .. ... TLC?

! Chair, M-OSRP Advisory Board
ZPetrobras, Brazil

iii



Contents M-OSRP09

Table of Contents

10.

11.

12.

13.

. M-OSRP09: Introduction and SUMMAIY . ........ouuiuettntt i e aeens 1
A. B. Weglein
. Preprocessing 3D seiSmic data ....... ... 10

J. D Mayhan and A. B. Weglein

Free-Surface Multiple Prediction: numerical testing and coding update ........................... 40
P. Terenghi and A. B. Weglein

. Efficacy determination and efficiency advances for the inverse scattering series internal multiple re-

moval: an update, land data testing and evaluation .......... ... ... . ., 52
S.-Y. Hsu and A. B. Weglein

. 3D Internal Multiple Prediction coding project: preliminary notes .................c...ciiii.... 61

P. Terenghi,and A. B. Weglein

Addressing the bandlimited nature of seismic source and rapid lateral variations of the Earth: source

regularization and cascaded imaging operator ........... ... .. 72
F. Liu and A. B. Weglein

Note: A derivation of the HOIS closed form ....... ... .. e 118
Z. Wang, A. B. Weglein and F. Liu

Note: Evaluations of the HOIS closed form and its two variations ................. .. .. ... ... 126

Z. Wang, A. B. Weglein and F. Liu

New capture of direct velocity independent depth imaging in a one-dimension two-parameter acoustic
Barth .o e 137
Z. Wang, A. B. Weglein and X. Li

Analysis of forward and inverse series for target identification ............. ... ... ..ol 144
X. Li and A. B. Weglein

An unanticipated and immediate AVO by-product (responding to pressing type I and type II AVO
challenges) delivered within the ISS imaging program ...............c...ociiiiiiiiiiiiiniieninn. 154
X. Li, A. B. Weglein and H. Liang

Initial tests for the impact of matching and mismatching between the earth model and the processing
model for the ISS imaging and parameter estimation ........... ... .. oo, 165
H. Liang, A. B. Weglein, and X. Li

Reverse-time migration and Green’s theorem: A new and consistent theory that progresses and corrects
current RTM concepts and methods .......... . 181
A. B. Weglein R. H. Stolt and J. D Mayhan

iv



2009 M-OSRP Annual Report Introduction and Summary

This year was another positive year for M-OSRP with significant contributions and progress to re-
port. Among contributions/advances are : (1) delivery of proprietary M-OSRP software for multiple
removal, and advances in the soon to be delivered 3D wave theoretic preprocessing for deghosting,
data reconstruction and wavelet estimation; (2) progress pushing the theory and practical fronts to-
wards developing greater inverse scattering series (ISS ) robust capability and testing of the inverse
scattering series (ISS) imaging and direct non-linear AVO projects; the former development and
tests indicating the next step as a first field data ISS imaging test, and the latter the early positive
tests of a new direct imaging ISS exploration AVO tool; (3) first and historic on-shore tests and
evaluation of ISS internal multiple effectiveness, both in absolute terms, and in comparison with
other methods, and (4) a method for increased internal multiple efficiency was developed and tested
and (5) a new and comprehensive Green’s theory method for reverse-time migration (RTM) that
addresses shortcomings in the theory and application of current Green’s Theorem RTM concepts
and methods where the latter can lead to imaging errors and artifacts.

The papers in this 2009 M-OSRP Annual Report represent M-OSRP contributions, while papers
submitted and/or published in cooperation/collaboration with sponsors, and/or external collabora-
tors, are in a separate file, associated with, but distinct from, the Report. Both the 2010 M-OSRP
Annual Report (2010 AR)and the Associated File (AF) are on one CD/DVD. In this Introduction
please find: (1) a summary of this past year’s M-OSRP highlights, deliverables, and progress within
our different projects, (2) a link to a set of 4 papers published in Geophysics, and their significance
and impact, reference to the 3 2010 SEG Expanded Abstracts, and all are in the Associated File,
and (3) our plans for the coming year. Below we provide highlights for this past year (Please see
the first link below for details behind each of these highlights).

Multiples

(1) Delivery of the inverse scattering series 3D Free Surface Multiple Elimination code (ISS 3D
FSME). The method was developed by P.M. Carvalho, coded for M-OSRP by S. Kaplan, and tested
by a ConocoPhillips team led by Simon Shaw and Haiyan Zhang with M-OSRP support from Kris
Innanen and an important debugging contribution by Zhigiang Wang. The data tested was supplied
by WesternGeco, Statoil and Livermore National Lab. This code represents the high-water mark of
capability for predicting the amplitude and phase of free surface multiples, of all orders. Given its
prerequisites of: (1) adequate data collection and/or data reconstruction, (2) source and receiver
de-ghosting, and (3) source signature removal, the algorithm then represents both prediction and
subtraction, with equal effectiveness at all offsets, and without the need for residual Radon as
is common for codes delivered from other consortia or vendors. There is a removal or reduced
dependence on a separate "subtraction” step, typically in practice with an adaptive subtraction
algorithm. The adaptive subtraction is called upon for dealing with all of reality omitted in your
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"prediction" and is especially useful for dealing with clear and isolated multiples. However, the
energy minimization criteria behind adaptive "subtraction" can fail precisely when the prediction
it is meant to serve, the inverse scattering series FSME code, has its greatest strength. Given
its three prerequisites (listed above), the ISS FSME predicts and subtracts free surface multiples
independent of whether they overlap/interfere with other events, or whether there are primaries
and different orders of free-surface multiples and internal multiples in the neighborhood. The 3D
ISS FSME from M-OSRP is more effective and costly than other 3D FSME algorithms. However,
as an industry we didn’t go from 2D to 3D to save cost in processing. We took that 2D to 3D step
to gain effectiveness, and to reduce the cost of drilling dry wells, and we suggest that the 3D ISS
FSME code, within your toolbox, be considered when the target and overburden are complex and
difficult for other de-multiple methods, including less costly and less effective 3D FSME algorithms.
This high end predictive emphasis and delivery and differential added-value is a general M-OSRP
multiple removal strategic ear-mark and driver and is particularly significant for complex off-shore
plays (e.g., subsalt, sub-basalt) with complicated and proximal events and for on-shore application.
A list of all de-multiple and prerequisite satisfaction codes delivered to sponsors can be found in
the link below. The codes themselves are in the sponsor-only portion of our web site.

Dr. Paolo Terenghi joined M-OSRP in October 2009 and continued developing the free-surface
multiple prediction code in order to facilitate and extend its ability to accommodate field data
and realistic synthetics. With the latest changes, the code can operate in the case of all different
spatial sampling rates along spatial axes. New numerical examples have been produced using the
data supplied by WesternGeco, Statoil and Livermore National Lab at an in-line aperture wider
than was previously tested. Further detail can be found in this report ("3D Free-Surface Multiple
Prediction: numerical testing and coding update", AR page 40) . The revised code will be available
to the sponsors shortly after the June 1-4 ; 2010 Annual Meeting.

(2) 3D Prerequisite satisfaction

Jim Mayhan has coded and tested 3D Green’s theorem based methods for: (1) data reconstruction,
(2) source wavelet estimation, and (3) deghosting, and those codes will be delivered to M-OSRP
sponsors after the 2010 Annual Meeting ("Preprocessing 3D seismic data", AR page 10). Those
important methods and contributions were pioneered and developed within the dissertations of
M-OSRP Alumni Dr. Jingfeng Zhang (BP) and Dr. Adriana C. Ramirez (WesternGeco). These
Green’s theorem based prerequisite satisfaction methods are entirely comsistent with the multi-
dimensional wave theory inverse scattering methods for removing multiples and depth imaging pri-
maries, that they are meant to serve, and in particular they make no assumptions about subsurface
information. The water-speed imaging in the ISS imaging project is consistent with wave-theoretic
imaging from Green’s Theorem. Jim also completed a successful internship at ExxonMobil.

Advances in acquisition

There are important advantages to having both the pressure and its normal derivative measured
along a towed streamer(s) marine experiment. PGS has provided such a dual measurement data
set for M-OSRP testing. Those tests will happen in 2010 and the results will be shared with all



Introduction M-OSRP09

sponsors. Jim Mayhan is doing an excellent job progressing the prerequisite development project
and managing the PGS opportunity.

On-Shore Project

(3) Shih-Ying Hsu has completed two successful back to back internships at WesternGeco and Saudi
Aramco. Shih-Ying will report on her encouraging results for realistic synthetic data using ISS
internal multiple algorithms at the 2010 M-OSRP Annual Meeting. Her contributions were part of
collaborative research during her internships at Saudi-Aramco and WesternGeco, where evaluations
and comparisons of ISS internal multiple efficacy for land data application, and advances in ISS
internal multiple efficiency were developed and tested, respectively. Those SEG Expanded Abstracts
are distributed associated with this Report and located in the AF.

The first Abstract "The inverse scattering series approach towards the elimination of land internal
multiples" by Fu et al. (located in the AF), represents the testing and analysis of realistic synthetic
and on-shore field data. Tests within the ARAMCO EXPEC ARC Geophysical Technology Team,
managed by Panos Kelamis, and the multiple removal group led by Yi Luo. Shih-Ying Hsu, a
graduate student from M-OSRP, interned under the mentorship of Yi Luo and participated in
those tests and comparisons. On-shore internal multiples can often over-lap with primaries, making
the multiple removal without damaging primaries very difficult, so difficult in fact that marine
pre-salt internal multiple removal can pale in comparison. Under the most complex and daunting
circumstances, the inverse scattering series internal multiple produced encouraging and positive
results, and no other internal multiple method was able to match that effectiveness. This is an
important advance and contribution and we congratulate Yi Luo, Panos G. Kelamis, Qiang Fu,
ShouDong Huo, Ghada Sindi, Shih-Ying Hsu, and the entire Saudi Aramco team!

The second Abstract is "Quasi-Monte Carlo integration for the inverse scattering internal multiple
attenuation algorithm" by Shih-Ying Hsu, M-OSRP/UH, Einar Otnes and Adriana C. Ramirez of
WesternGeco (located within the AF). This research was led by Einar Otnes within Alan Teague’s
research group at WesternGeco, while Shih-Ying Hsu was an intern being mentored by Einar Otnes
and Adriana C. Ramirez, with support from the WG team. The inverse scattering series (ISS)
algorithms have a high degree of predictive effectiveness, and are automatic, and demonstrate their
mettle under the most complex circumstances as demonstrated by earlier published marine examples
(e.g., Carvalho et al., (1992) and Matson et al., 1998)) and now, this past year, the first published
land application, Fu et al. (2010) (please see the AF). The M-OSRP High Performance Computing
Committee chaired by Nicola Bienati of ENI gave a green light for us to produce a 3D internal
multiple code, although the computational challenge is formidable (please see M.Perrone et al.
JIBM, 2007 M-OSRP Annual Meeting). This Abstract represents an innovative and significant
response from the algorithmic side towards addressing that computational challenge, with a four
fold speed-up in 2D and anticipated greater speed-up in 3D. This contribution will support applying
this capability in the 3D marine arena and will spur further innovative code progress and new
hardware to be developed, as well. We congratulate Shih-Ying Hsu, Einar Otnes and Adriana C.
Ramirez and the entire WG team. A report "Efficacy determination and efficiency advances for the
inverse scattering series internal multiple removal: an update, land data testing and evaluation"
by Shih-Ying Hsu at al. (located in the AR on page 52) provides a perspective overview of all her
contributions this year.
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Work is progressing on a wavelet estimator for on-shore application, based on the Green’s theory
methods developed in Weglein and Secrest (1990). The idea is to increase the predictive capability,
and simultaneously reduce the burden on the adaptive step for increased internal multiple removal
effectiveness. The goal is moving towards surgical removal of multiples, which is so often essential
for land application. Early synthetic tests of a wavelet estimator aimed at land application will be
shown at the June 1-4, 2010 Annual Meeting.

3D ISS Internal Multiple Code development

(4) Dr. Paolo Terenghi will be coordinating these M-OSRP de-multiple efforts, and will code, test
and deliver a 3D ISS Internal Multiple Attenuation code in 2010. A preliminary study ("3D Internal
Multiple Prediction coding project: preliminary notes", AR page 61) outlines a plan for the new
coding project and analyzes and reviews the optimizations and programming strategies adopted for
the previous 2D implementations.

Imaging Project

(5) The imaging project’s earlier progress is described in some detail in last year’s 2008 M-OSRP
Introduction to the Annual Report as well as in presentation slides in the link below. A submitted
2010 SEG Expanded Abstract "The inverse scattering series depth imaging algorithms: develop-
ment, tests and progress towards field data application" is found on AF and provides a glimpse at
this year’s progress on the imaging project.

The ISS contains the capability to perform all processing goals directly in terms of the data and a
reference medium Green’s function. That’s quite an undertaking, with the ISS having many issues
to deal with, given the data and a "no-thank you, no-help whatsoever directly or indirectly needed
attitude", the latter " no help needed" in terms of no need for actual or approximate subsurface
properties. The imaging terms within the ISS respond to every type of challenge one can imagine
in a direct depth imaging without subsurface information. The types of challenges depend on a
set of factors, and among issues are: (1) the earth’s dimension and degree of lateral variability, (2)
difference between actual and reference earth properties, and the (3) spatial extent of those property
differences, (4) the number of parameters in the assumed earth model, and (5) the angles of the
waves reflecting from reflectors, and being used in your processing.

There are two very different types of issues in developing practical and robust
imaging algorithms from the ISS

One issue has to do with the inclusion of a sufficient and adequate collection of ISS imaging terms and
types of terms that address specific imaging challenges, and the second issue is how to accommodate
the band-limited nature of seismic data. Significant advances on both fronts occurred this year. The
imaging capability, in the pipeline, that will be delivered in the near future is described in the SEG
Expanded Abstract "The inverse scattering series depth imaging algorithms: development, tests and
progress towards field data application" (located in the AF) which reports the progress on several
algorithmic and practical fronts within the ISS imaging project. The progress that is described in
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the attached Abstract, now warrants soliciting field data from our sponsors, for our first marine
field data tests. I congratulate Professor Fang Liu, and Zhigiang Wang, Xu Li, and Hong Liang for
their significant pioneering efforts and contributions that will allow the ISS imaging capability to
provide for information extraction from signal, that is, depth imaging and inversion of primaries in
complex media, with the same type of high-end effectiveness and added-value that ISS has brought
to the removal of coherent noise (free surface and internal multiples).

One very significant and newsworthy advance by Professor Fang Liu (that occurred subsequent to
the Annual Meeting in May and we described at our meeting at the SEG in Houston) was a way
to robustly address the band-limited source issues for the new direct depth imaging methods and
codes, that assume that both velocity and density are both variable, and both velocity and density
are and remain unknown. That critically important practical step by Fang Liu means that the
ISS imaging methods will work on field data. Mike Richardson of BHP Billiton alerted us to the
importance of density changes in many reflections. Our imaging theory can now accommodate that
reality.

A second advance labeled "cascade migration" was arrived at by accident, when a double repeated
action of water speed migration was performed, where one water speed migration was called for,
i.e., migrating the migration rather than simply migrating. That accident led to an inadvertent but
effective and valuable inclusion within the linear water speed term of certain ISS capability uniquely
designed and located within higher terms of the ISS for imaging challenges that only arise with a
laterally variable earth. That "use with exclusively lateral varying media ISS imaging contribu-
tors/terms " providing significant improvement in lateral positioning of e.g., the fault shadow zone
when that cascaded linear term is substituted into LOIS or HOIS ("Addressing the bandlimited na-
ture of seismic source and rapid lateral variations of the earth: source regularization and cascaded
imaging operator", AR page 72). There is no complete theory to understand that revised double
water speed migration, at this moment, but there is no increase in cost, and a clear added imaging
value. We have no doubt that the theory and our understanding will catch-up with the algorithm.
The daunting example that was previously examined of a homogeneous sphere above a single hor-
izontal reflector, can now image the upper and lower sphere, without knowing or determining the
sphere velocity. That’s a significant advance and contribution and we congratulate Professor Fang
Liu.

AVO, type 1 and type 2 direct exploration tool, without a velocity model

Following a suggestion by Doug Foster of ConocoPhillips, a by-product of the newer imaging theory
produced an AVO reflectivity like output that preserved zero crossings at depth for the challenging
and important type 1 and type 2 AVO identification application. That happens without a velocity
model or common image gather (CIG) flattening and CIG ironing problems. Early tests by Xu
Li and Shansong Jiang were encouraging ("Depth imaging without the velocity cares about the
phase and amplitude information of events: Focusing on the use of the angle dependent amplitude
information of events", M-OSRP Report 2008; "Progressing multiparameter imaging using the
inverse scattering series: An initial analytic test of the leading order imaging subseries (LOIS)
closed form and its extended higher order imaging subseries (HOIS) closed form for a laterally
invariant two-parameter acoustic medium", M-OSRP Report 2008). An elastic test is presented in
this report ("An unanticipated and immediate AVO by-product: responding to pressing type I and
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type IT AVO challenges delivered within the ISS imaging program", AR page 154) that significantly
extends those previous studies, thereby connecting the method closer to real world application.
Zhigiang Wang ("New capture of direct velocity independent depth imaging in a one-dimension
two-parameter acoustic Earth", AR page 137) developed and tested a further capture of imaging
capability that can accommodate greater contrasts in velocity and duration of difference between
the reference and actual subsurface properties. The imaging team consists of Fang Liu, Zhigiang
Wang, Xu Li, and Hong Liang.

Model matching and model mismatching between the earth and your algorithm

This is a relevant issue for all processing issues. The study here is confined to M-OSRP’s 155
imaging and inversion algorithms. We suspect that the lessons gleaned here, concerning mismatch
issues, might be relevant for algorithms outside of the methods our program pursues.

How to determine an adequate earth model type for seismic processing?

The issue of how to determine an adequate model for processing objectives must first be raised and
addressed. In seismic exploration, we want a minimally complicated model adequate to achieve our
predictive purposes. But how to determine model adequacy? From our point of view, a model is
too simple if its output recommends drilling decisions that a more complicated and complete model
would improve upon, and conversely, is too complicated if a simpler model would not change the
efficacy of drilling prediction, e.g., changing and improving a drilling to no-drill or no-drill to drill
decision. Our strategy for field data application of our algorithms recognizes that issue, using the
minimally acceptable earth model for amplitude analysis, the isotropic elastic model.

Given that understanding of earth model adequacy, Hong Liang then studied the consequences of
using an inadequate model (e.g., acoustic model for an elastic earth data) separately for ISS imaging
and inversion purposes ("Initial tests for the impact of matching and mismatching between the earth
model and the processing model for the ISS imaging and parameter estimation", AR page 165).
The separate numerical tests of the elastic data using the ISS imaging conjecture and inversion for
both acoustic and elastic media, illustrate how it’s important to match the processing algorithm’s
model type to the model that generate the data, and the negative consequences for imaging and
inversion that can result when that match is ignored.

First field data imaging test: Kristin data from North Sea

Imaging project summary: A set of different ISS imaging codes will be developed and field data
tested and distributed to M-OSRP sponsors. The first field data imaging test is going to take place
with the Kristin data from the North Sea, with dual streamer over- under cables, and owned by
Statoil and acquired and processed by Western-Geco/Schlumberger. We express our appreciation to
Statoil and Western-Geco/Schlumberger for this cooperation and opportunity. The first field tests
will be carried out this year. We are grateful to Einar Otnes, Lasse Amundsen, Joachim Mispel,
Ed Kragh, and Mark Thompson for arranging this data opportunity for our first field data imaging
test.
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M-OSRP Awards in 2009

(6) The SEG awarded two J. Clarence Karcher Awards in 2009. Both awards went for research
within M-OSRP (Dr. Haiyan Zhang, now at ConocoPhillips and Dr. Bogdan Nita, at Montclair
State University, Montclair, New Jersey). We congratulate Haiyan and Bogdan for their important
achievements, their high impact and significant contributions.

(7) Prof. Kris Innanen and Dr. Jose Eduardo Lira, are pioneering the theory and application of
inverse scattering series methods to absorptive media. Lira and Innanen together produced: (1)
concepts and algorithms for Q compensation without knowing or estimating or requiring Q, and (2)
using the difference between the actual and a predicted internal multiple to estimate the overburden
effect on amplitude for traditional migration-inversion purposes. Professor Innanen mentored Jose
Lira in his PhD thesis, and we congratulate Dr. Lira for earning his PhD, and Kris for his excellent
leadership and guidance.

Below please find a link to the 4 M-OSRP papers in the Issue 74 of Geophysics:

1. "Clarifying the underlying and fundamental meaning of the approximate linear inversion of
seismic data"

2. "Direct nonlinear inversion of 1D acoustic media using inverse scattering subseries",

3. "Direct nonlinear inversion of multiparameter 1D elastic media using the inverse scattering
series", and

4. "Green’s theorem as a comprehensive framework for data reconstruction, regularization, wave-
field separation, seismic interferometry, and wavelet estimation: A tutorial".

In our view, these papers are particularly worthwhile. These papers not only describe the progress
within different M-OSRP projects, but also place them within the broader context of seismic appli-
cation and overall industry interest and other research programs and initiatives.

What does inversion mean? What does direct inversion communicate? The "meaning of linear pa-
per" begins with the critical and often neglected distinction between direct inversion and "indirect"
or model-matching approaches.

The only time these two are equivalent is when the direct inverse is a linear problem. For example,
depth imaging for a structural map is a linear problem given an accurate velocity model. Therefore,
conventional imaging with an accurate velocity model is related to modeling run backwards. For all
other problems, it is misguided and incorrect to think of model matching as somehow equivalent to
direct inversion. For example, the direct inversion from the inverse scattering series for the removal
of free surface multiples provides an algorithm that doesn’t require any subsurface information,
whatsoever, and the algorithm is unchanged independent of whether the earth is acoustic, elastic,
anisotropic, or absorptive. Not one line of code changes. Try to imagine that multiple removal from a
model matching cost function perspective. AVO is another example. The ISS states unambiguously
that all PP, PS, SS components, that is, all data components are required for explicit and direct
linear and non-linear estimates of changes in mechanical properties across a reflector. With explicit
formulas for the linear and non-linear direct estimates that require all components. Yet essentially
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all AVO today treats the inverse problem as starting with a forward PP data modeling result, and
seek to solve that forward problem in an inverse sense. That’s not solving the inverse problem.
Solving a direct forward problem in an inverse sense is not directly solving the inverse problem.
The two papers by Dr. Haiyan Zhang delineate these lessons and requirements in full math physics
detail, with synthetic and field data examples.

In the traditional seismic world, a P wave acoustic velocity and the phase of the recorded primary
wave are adequate to find a depth image. If after locating the depth image the interest is in
determining what property changes at the reflector produced that reflection- then it becomes an
AVO issue, and an elastic isotropic reflection coefficient as a function of angle was the typical choice
(except in cases of fractures when anisotropic elastic was indicated) to perform amplitude analysis.
Nothing less than elastic isotropic model would be used for amplitude analysis and parameter
estimation. Now the industry is rushing after an amplitude analysis model matching method,
often using a single parameter acoustic model, and calling itself, "full wave-field inversion". From
the amplitude analysis seismic history, experience and perspective that’s a great argument against
evolution.

The Inverse Scattering Series stands alone in saying that velocity and depth are
not inextricably connected

Finally, the inverse scattering series promises that all processing goals can be achieved directly
(including depth imaging) without a velocity model and subsurface information. We sometimes
hear that there are other approaches with a similar claim, e.g. , common image gather, CIG, CFP,
CRS, weighted stacks over offset trajectories, "path integrals". All of these other methods are
indirect search methods that seek to satisfy a necessary (but not sufficient) property of a correct
depth image. And all of these indirect imaging methods believe that a direct depth imaging method
would require an accurate velocity. They believe that and they cannot find the velocity so they go
the indirect route, staying entirely within a framework that believes that velocity and depth are
inextricably connected. The inverse scattering series stands alone in saying that velocity and depth
are not inextricably linked and in producing a direct depth imaging algorithm without the velocity.
The ISS depth imaging methods are as direct as the free surface multiple elimination code, and has
the same three prerequisites, described above.

A new and comprehensive method for RTM from Green’s theorem

The inverse scattering depth imaging without the velocity is as direct, as , e.g., RT'M is with
an accurate velocity. Speaking of RTM, we have a new and consistent Green’s theorem theory for
RTM, that improves both the propagation model and imaging condition in current RTM practice We
anticipate that location errors, artifacts and amplitude errors reported with current RTM application
will be mitigated or removed. A report entitled “Reverse-Time migration and Green’s theorem” (in
the AR beginning on page 181), by Weglein, Stolt and Mayhan is in this Annual Report.

In the latter paper, we place Green’s theorem based reverse-time migration (RTM), for the first
time on a firm footing and technically consistent math-physics foundation. The required new Green
function for RTM application is developed and provided, and is neither causal, anticausal, nor a
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linear combination of these prototype Green functions, nor these functions with imposed boundary
conditions. We describe resulting fundamentally new RTM theory and algorithms, and provide a
step-by-step prescription for application in 1D, 2D and 3D, the latter for an arbitrary laterally and
vertically varying velocity field. The original RT'M methods of running the wave equation back-
wards with surface reflection data as a boundary condition is not a wave theory method for wavefield
prediction, neither in depth nor in reversed time. In fact that idea corresponds to the Huygens’
principle idea which was changed and evolved into a wave theory predictor by George Green in 1826.
The original RTM methods, where (1) 'running the wave equation backward in time’, and then (2)
employing a zero lag cross-correlation imaging condition, are in both of these ingredients less accu-
rate and effective than the Green’s theorem RTM method of this paper. Furthermore, all currently
available Green’s theorem methods for RI'M make fundamental conceptual and algorithmic errors
in their Green’s theorem formulations. Consequently, even with an accurate velocity model, current
Green’s theorem RTM formulations can lead to image location errors and other reported artifacts.
Addressing the latter problems is a principle goal of the new Green’s theorem RTM method of this
paper. Several simple analytic 1D examples illustrate the new RTM method. We also compare the
general RTM methodology and philosophy, as the high water mark of current imaging concepts and
application, with the next generation and emerging Inverse Scattering Series imaging concepts and
methods.

In the paper with Dr. Adriana C. Ramirez on interferometry and Green’s theorem, Adriana shows
that all of "interferometry" is basically Green’s theorem, known and published by George Green
is 1826. All of the brand new " virtual sources", "spurious multiples" , "mysterious artifacts" are
nether new nor spurious but simple direct consequences of Green’s second identity, or violations of
that classic theorem with predicable injurious consequences. Dr. Ramirez then uses that Green’s
theorem foundation to build a set of ever more effective methods for data reconstruction and,
exemplifies her new approaches and their added value on synthetic and field data.

Please find below the links to the M-OSRP web site regarding the following topics:

1. 2009 M-OSRP Geophysics/SEG published technical papers and tutorial (http://www.mosrp.
uh.edu/2009_SEG_Papers.html)

2. 2009 Annual Meeting Photos (http://www.mosrp.uh.edu/Annual_Meeting_Dinner_Photos_
2009 .html)

3. 2009 Executive summary, update, deliverables, personnel and key-note addresses (http://
Wwww.mosrp.uh.edu/2009_summary.html)

In summary, it has been a very good and productive year. I want to thank you for your encourage-
ment and support.

Best regards,
Art

Arthur B. Weglein
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Preprocessing 3D seismic data

J. D. Mayhan, Jr. and A. B. Weglein, M-OSRP, Physics Department, University of Houston

Abstract

This report presents the results of designing, coding, and testing three programs for preprocess-
ing 3D seismic data using Green’s Theorem: data reconstruction, source signature estimation,
and deghosting. The code will be released to the sponsors after the Annual Meeting. The report
also discusses the process of transforming seismic data into the format required by M-OSRP
multiple removal code.

1 Introduction

The inverse scattering series (ISS) can perform certain tasks (e.g., free surface multiple elimina-
tion, internal multiple attenuation, and imaging) without estimates of the spatial distribution of
subsurface information. These ISS methods assume seismic data to be used for imaging consists
of primaries only, i.e., ghosts, free surface multiples (FSM’s), and internal multiples (IM’s) have
been removed and the source signature deconvolved. Free surface multiple elimination and internal
multiple attenuation (based on the ISS) also assume a good estimate of the source signature. In this
report, I discuss how Green’s Theorem is used to deghost data and estimate the source signature.

Green’s Theorem and the ISS form an integrated preprocessing and imaging chain because both are
multi-dimensional wave theoretic methods which do not require subsurface information. Hence, the
complete chain (data, estimating source signature, deghosting, removing FSM’s; attenuating IM’s,
and imaging) is consistent in both number of spatial dimensions (one, two, or three) and Earth
Model Type (acoustic, elastic, or anelastic). Every step in the processing chain is treated equally.

Source signature estimation and deghosting (using Green’s Theorem) are based on Weglein and
Secrest (1990) and Zhang (2007), respectively. Both methods use the same analytic form of Green’s
Theorem, i.e., the source signature or deghosted data is the integral over the measurement surface
of (PVG — GVP) -1 where P and VP - 7 are the measurements of the pressure wavefield and its
vertical derivative and G is the analytic Green Function for the assumed reference medium. The
methods differ in that Weglein and Secrest (1990) use a reference medium with a free surface (half
space of air over half space of water) and a Green Function that vanishes on the free surface whereas
Zhang (2007) uses a reference medium with no free surface (whole space of water) and a whole space
Green Function.

M-OSRP has generated code to accomplish preprocessing goals based on Green’s Theorem (data
reconstruction, source signature estimation, and deghosting) and the inverse scattering series (free-
surface multiple elimination, internal multiple elimination, direct nonlinear imaging, and Q com-
pensation of primaries). The Green’s Theorem methods are critically important to the success of
the inverse series methods since they may be used to bring seismic data in line with the assumptions
of inverse scattering methodology.
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Fach algorithm or subseries operates on data; the output of that algorithm or subseries is the input
to the next algorithm or subseries. (1) Measured data is input to data reconstruction, whose output
is the input to (2) source signature estimation and (3) deghosting, whose output is the input to
(4) free surface multiple removal, whose output is the input to (5) internal multiple removal, whose
output is the input to (6) imaging, (7) inversion, and (8) Q compensation. The success of any
inverse scattering series task-separated algorithm hinges on the success of all the steps done before
it.

Figure 1 relates how M-OSRP approaches these issues.

Tools Marine events

© Green’s theorem ©
(O Scattering Series / \

didn’'t experience the earth

experienced the earth
@

FS

*/\ no ghost ghost
\ ¥ O *;i ;:D

. |t

primaries + internal multiples free surface multiples
4 O\
primaries internal multiples
4 g N\
locate invert
17

Figure 1: Classification of marine events and how they are processed.
The total wavefield P consists of the reference wavefield Py which does not experience the Earth and
the scattered wavefield Ps; which does. The reference wavefield consists of waves which propagate

directly from the source to the receiver G& and waves which have one reflection from the free
surface (air water interface) Gg 9. The scattered wavefield consists of ghosts, free surface multiples,

11
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internal multiples, and primaries. Ghosts begin their propagation moving upward from the source
(source ghosts), end their propagation moving downward to the receiver (receiver ghosts), or both
(source/receiver ghosts). Free surface multiples have at least one upward reflection from the Earth
and at least one downward reflection from the free surface. Internal multiples have more than
one upward reflection from the Earth, at least one downward reflection from the Earth, and no
downward reflections from the free surface. For example, an n'" order internal multiple has n
downward reflections from the Earth. Primaries have only one upward reflection from the Earth.

The classification illustrated in Figure 1 is important because “methods for extracting subsurface
information from seismic data typically assume that the data consist exclusively of primaries”, so
measured data is deghosted and free surface multiples and internal multiples are removed before
further processing (Weglein et al., 2003, p. R28). ConocoPhillips tested M-OSRP code for removing
free surface multiples from 3D seismic data (three space dimensions). The research project outlined
in this report consists of developing code (in Fortran and C) to perform data reconstruction of 3D
data, estimate the source signature from measured 3D data, and deghost 3D data. The output
of this code is the input to the 3D free surface multiple removal code. PGS is in the process of
collecting 2D and 3D seismic data using their proprietary GeoStreamer®. The preprocessing code
is being tested using this new data.

This report outlines the basic theory and results of producing 3D Green’s Theorem based prepro-
cessing code and is organized as follows: the theory underpinning the code is discussed, followed by
a discussion of the code itself.

2 Green’s Theorem preprocessing theory - tutorial

2.1 Data reconstruction

This subsection outlines the theory used in M-OSRP’s 3D data reconstruction code. The code is
based on Weglein and Secrest (1990) who use Scattering Theory (a subset of Perturbation Theory)
and Green’s Theorem. Scattering Theory expresses (i) the actual medium as the sum of a reference
medium (chosen for its mathematical convenience) and a perturbation and (ii) the actual wavefield
P as the sum of a reference wavefield G (also chosen for its mathematical convenience) and a
perturbation. Green’s Theorem tells us a wavefield P inside a volume V can be computed from
measurements of P and its (outward pointing) normal derivative 0P/0n on the surface S of V.

In a marine experiment, the reference medium is chosen to be a half space of air over a half space
of water, and V is chosen to be a right circular cylinder bounded from below by the towed cable
and from above by the free surface (the air water interface) (Figure 2.7). Green’s Theorem gives
the following expression for the wavefield:

_Ps(ﬁ 7787 w)

= f s’ i - [P(F,’F&W)V,GO(Fa F,,W) - GO(f; Flaw)vlp("?/afsaw)]' (1)
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where 7 is the observation/prediction point, 75 is the location of the air gun array, and the integral
is taken over the surface S of the cylinder. The integral over the surface of the cylinder is reduced
to one over the towed cable using the following steps:

1. The contribution to the surface integral in Equation (1) over the vertical sides of the cylinder
can be made to approach zero by letting the radius of the cylinder go to infinity because the
physical wavefield goes to zero at infinity (Sommerfeld radiation condition).

2. The contribution to the surface integral over the free surface is zero because (i) P = 0 at the
free surface and (ii) the Green Function used in the surface integral is constructed to vanish
on the free surface.

Hence, Equation (1) can be rewritten in the form:

_PS(Fv FS? w)

. dGE N o
= [ SR ) T ) = G ) ) 2

where P; is the scattered wavefield produced by the Earth, m.s. is the measurement surface, and the
Green Function is chosen to be the causal solution of the wave equation for the reference medium
so that its contribution to the surface integral goes to zero as the distance from its source goes to
infinity.

The Green Function in Equations (1) and (2), constructed to vanish on the free surface, is given by
(Morse and Feshbach, 1953, pp. 812-813):
e In 3D:

G, 7 w) = — (

B exp (ikRy)  exp (ikR-)
4m

R R_

where k = w/cp, ¢g is the speed of sound in the reference medium, Ry =
V=22 + (y—y)?+ (2 F 2’)?, (z,y, 2) are the coordinates of the observation/prediction
point, and (2/,y/, 2’) are the coordinates of the receivers on the towed cable.

e In 2D:

G (7,7 w) = —~ (H{V (kRy) — HEV (KR-))

d
1

where Hél) is the zeroth order Hankel function of the first kind (defined by Jy + ¢Yy where J
and Y are Bessel functions of the first and second kind, respectively).

If the towed cable measures P only, one option for estimating dP/dz’ is the high frequency approx-
imation dP/dz" = V'P(7’,7s,w) - n = ikP (7', 7s,w) where k = w/cy (Ramirez, 2007, pp. 69-70).
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Fig. 2.7: Configuration for derivation of the field prediction algorithm.

Knowledge of the vertical derivative provides the direction of wavefield propagation (i.e., whether
up- or downgoing waves), and the high frequency approximation is a one-way wave approximation.
In a marine experiment, ghost reflections invalidate the assumption of one way wave propagation.
If the towed air gun array is above the towed cable (s, < g.), even the direct wave invalidates this
assumption. Hence, the high frequency and one way wave approximation is not valid (Ramirez,
2007, p. 70) (Ramirez and Weglein, 2009, p. 22).

If the towed cable measures both P and OP/dn (e.g., PGS GeoStreamer®), the scattered wavefield
P, can be reconstructed above the towed cable (Ramirez, 2007).

Inside/outside the integration volume is an important concept in Green’s Theorem. The measure-
ment surface (m.s.) divides all space into inside/outside the integration volume. The normal (n)
to the m.s. points toward the “outside” of the integration volume. fm.s‘ gives the wavefield insid-
e/outside the integration volume due to sources outside/inside the integration volume (extinction
theorem). Above the cable, the portion of the total wavefield P due to sources below the cable
is the scattered wavefield Ps produced by the Earth, and below the cable the portion of the total
wavefield P due to sources above the cable is the direct wavefield Py produced by the air guns.
Selecting the integration volume between the free surface and the m.s. gives the scattered wavefield
P if the observation point is inside the integration volume/above the cable or the direct wavefield
Py if the observation point is outside the integration volume/below the cable.

14
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Consider an electromagnetic analogy (Figure 1.2). Sources inside/outside the integration volume
induce sources on the m.s. that create the field outside/inside the integration volume (Orfanidis,
2008, pp. 679-681) (Jackson, 1999, pp. 36-37).

q outside §

q inside §

Fig‘“: 12 Gauss’s law. The normal component of electric field is integrated over the
d surface §. If the charge is inside (outside) 3, the total solid angle subtended at
charge by the inner side of the surface is 4 (zcro).

2.2 Numeric insights

The form of Equation (2):

_Ps (Fa FS, w)
dG¢ dpP

:/ 4’ [P, 7y 0) (7,7, 0) = G (77, 0) 1 (7 o )]

says its images are not simple. The integrand is the difference of two spectral products, each of
which indicates a convolution in the ¢ domain for each value of 7'. Each term in each product is
symmetric about a different point: P about the physical source at 7s and G; about the observation
point at 7. For example, Figure (2) shows P and dP/dz for a reflectivity data set with x5 = 0m.
Choosing = = 625 m offset and letting x’ vary over the length of the towed cable gives Figure (3)
(showing P dGo/dz) and GodP/dz). Choosing x = 3750m offset gives Figure (4), and choosing
x = 3750 m offset gives Figure (5). Note that the time depth of the horizontal line in Figures (3)-(5)
corresponds to the time required for the wavefield to traverse the horizontal distance between
and 7. For example, in Figure (4) the time depth is ~ 2.5 s which is 3750 m/1500m/s.

More on M-OSRP’s theory of Green’s Theorem based data reconstruction can be found in Ramirez
(2007, chap. 4).
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Figure 2: P (left), dP/dz (right)

2.3 Source signature estimation

This subsection outlines the theory used in the 3D source signature estimation code. M-OSRP’s
source signature estimation code is also based on Weglein and Secrest (1990) who derive two equa-
tions containing the source signature: the Lippmann-Schwinger Equation and a second equation
derived from Green’s Theorem. Comparing the two equations gives an equation for the source
signature as a function of measured 3D data and a reference medium Green Function. The same
geometry is used as in data reconstruction except the observation point 7 is below the towed cable,
i.e., outside the integration volume (Figure 2.2).

The Lippmann-Schwinger part begins with the constant density acoustic wave equation for the
pressure field P created by a source A(t) at position 7, restates wave speed ¢(7) as a function of
reference medium speed ¢y and a perturbation «(7), and converts the partial differential equation
into an integral equation (the Lippmann-Schwinger Equation) involving a causal Green Function
(to ensure a causal solution for P). The result is

~ ~ 2 ~
P(r, 75, w) =A(w)GJ(F,Fs,w)+/ A’ G (7, 7', w) Sy ol @) (7, s, ). (3)
%) €0
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Figure 3: PdGy/dz (left), Gy dP/dz (right) for 625m offset

The Green’s Theorem part begins with: (1) a reference medium consisting of a half space of air
overlaying a half space of water, (2) a perturbation a(7) which parameterizes the difference between
the lower part of the half space of water and Earth, (3) an integration volume V' consisting of a
hemisphere bounded from above by the measurement surface, (4) a free surface (air-water interface)
above the measurement surface (i.e., outside V'), and (5) a source 75 on or above the measurement
surface (i.e., outside V'). Substituting the above, the partial differential equation for the pressure
field P, and the corresponding reference medium Green Function differential equation into Green’s
Theorem, and for consistency with Equation (3) choosing a causal Green Function gives

~ w2

P(7, 7o) — / A G (7,7, w0) 2 ol ) P 7, )
0 0

+?{ dS' i - [P(F, 7, w)V'GE (7, 7yw) — GF (7, 7, W)V P(F 7y, w)]. (4)
S

Equation (3) is valid for all space, whereas Equation (4) is valid only for the volume V. Comparing
Equations (3) and (4) in V gives an equation for the source signature:
~ 1

A((U) = m%gdslﬁ [P(F/,FS,W)VIGS_(F/,F,W)
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Figure 4: PdGy/dz (left), Go dP/dz (right) for 3750m offset

—G (7 Fw)V P(7 Ty w)]. (5)

Note that Equation (5) is computing more than a traditional source signature, i.e., instrument
response is included. The integral provides an estimate of the source signature for an air gun array
including anisotropic radiation pattern. How to incorporate this nonanalytic source signature into
the existing M-OSRP formalism is an active research topic for another graduate student in M-OSRP
(Jinlong Yang).

The details of the above derivation can be found in Appendix A.

2.4 Deghosting

This section outlines the theory used in the 3D deghosting code. The theory of deghosting based on
Green’s Theorem is covered in Zhang (2007, chap. 2). The geometry differs from that used in data
reconstruction and source signature estimation. The reference medium is a whole space of water
with three sources (air guns, Earth, and free surface) (Figure 2.10).

The procedure begins with (1) a reference medium consisting of a whole space of water, (2) a
perturbation ay;,(7') which parameterizes the difference between the reference medium and air, (3

18
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x offset (m) x offset (m)
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Figure 5: PdGy/dz (left), Go dP/dz (right) for 6875m offset

a perturbation apgqn(7’) which parameterizes the difference between the reference medium and
Earth, (4) an integration volume V' consisting of a hemisphere bounded below by the measurement
surface, (5) a free surface (air-water interface) above the measurement surface (i.e., inside V'), and
(6) a source 75 on or above the measurement surface (i.e., inside V). Substituting the above into
Green’s Theorem and invoking the Sommerfeld radiation condition give the receiver side deghosting
equation:

~degho.s:ted(—» _ w)
IR dG+ VN . dp L
N /mst/[ ( I, s )dz (7“/ ) G+(T/7 w)@(rl;'f'saw)]- (6)

where PAcOhosted (i ) is the deghosted (receiver side) wavefield, and P(7/; 7s; w) and dP /dz' (7'; 7s; w)

are the hydrophone measurements and their spatial derivatives (in the frequency domain). Using
reciprocity, a similar integration on the source side will remove source ghosts, i.e.,

pdeghosted(,r—» ,r,—»s w)
5o - dGg . AP,
_ / 4S' [P(7, 7y 0) (7 Py 0) — G (7, 7oy 0) 3 (7 o )] (7)
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Fig. 2.2: Second configuration for derivation of the wavelet estimation algorithm.

In Equation (7) P(7’,7,w) is the output of Equation (6) and the m.s. is at the source depth.

In 2D Equation (6) can be written in the form

?{ dS' i - [P(7, 75, w)V'G (7, 7,w) — G (7,7, w)V ' P, 7, w)]
S

= P(F7sw) — / di' G (7', 7, w) kg i (7)) P (7, s, w)
v
_A(W)GE)F (777 FS’ w)' (8)
The physical meaning of Equation (8) is that the total wavefield at 7 can be separated into three
parts: (1) the direct wave which travels from the source at s to 7 (third term on the right-hand
side), (2) the pressure field whose last motion is downward from the free surface (second term on

the right-hand side), and (3) the pressure field whose last motion is upward from the Earth (the
entire right-hand side).

The details of the above derivation can be found in Appendix B.
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Fig. 2.10: First configuration for derivation of the deghosting algorithm.

3 Results

3.1 Testing Green’s Theorem code

The code was tested using the following data sets (listed chronologically):

Data set Type No. No. No. VP -n
cables | receivers | shots
Reflectivity (BP) Synthetic | 1 121 1 (a)
WesternGeco/Statoil/ | Synthetic | 41 801 281 | (a)
Lawrence Livermore
ExxonMobil Synthetic | 1 1201 1 (b)
PGS Field 1 648 (¢c) | Given
Reflectivity (OASES) | Synthetic | 1 501 1 (a)
“Simple” Synthetic | 1 601 1 Given

(a) Data contains P only so the code was tested using the high frequency and one way wave
approximation VP - n =~ tkP.
(b) Data contains P and V, (vertical component of particle velocity) so the code was tested using
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P, = —ipwV, where p is the mass density of the reference medium.
(c) Varies with line.

Here are some sample numeric results using WesternGeco synthetic data. Figure 6 is shot 140 (left)
and the Ricker wavelet used to generate the WesternGeco data (right). Figure 7 is the estimated
source signatures using shot 140/cable 21 /receivers 301-501 (left) and shot 1/cable 21 /receivers
1-801 (right). The WesternGeco synthetic data (P only) does not satisfy the assumptions of the
Green’s Theorem code so the high frequency and one way wave approximation VP -7 = kP was
used, yet the code managed to extract reasonable source signatures.

X offset (m) x104
0.2 0.4 0.6 0.8 1.0 1.2 x1019

0
44
1 2
2000
15004 > 0-
1000
500 33 é N
ofle 2
2 B
-500 <
-1000 -4
-15004| 4
2000
-6
5
-84
0 02 0.4 0.6 0.8

Time (s)
Figure 6: P (left), input source signature (right)

Here are some sample results using reflectivity synthetic data. Figure 8 is P (left) and dP/dz
(right) for cable depth 140 m where the latter was estimated by taking P for cable depth 150m
minus P for cable depth 140 m and dividing by 10 m. Figure 9 shows the estimated wavefield using
the high frequency and one way wave approximation (left) and dP/dz (right). Comparing the two
panels shows that using dP/dz gives a weaker direct wave and stronger primaries and multiples,
i.e., a more reasonable predicted wavefield. In like manner, Figure 10 shows the estimated source
signature using ikP (left) and dP/dz (right). Using the latter extracts a more reasonable source
signature.
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Figure 7: Est. source signatures

3.2 “Unfolding” data for input to 3D free surface multiple elimination code

The input to the 3D free surface multiple elimination (FSME) code must have colocated sources
and receivers. Hence, the data output by the Green’s Theorem code must be “unfolded” from a
physical pattern to a pattern of colocated sources and receivers. The WesternGeco synthetic data
consists of 22-physical files, 20 with data, one with the source Ricker wavelet, and one with the
direct arrival. Fach data file contains 14-shots (with 15-shots in file number 20), so our first output
was a 14 x 14 x 14 x 14 hypercube, i.e., with 14-points along each of the four mutually orthogonal
axes: sr, sy, gr, and gy. A Unix shell was used which: (1) reads one line of 14-shots and 14-lines
each of 14-receivers, (2) “mirrors” 13-lines each of 14-receivers through the line of shots (which is
coincident with the first line of receivers) to form a 14 x 27 grid, and (3) replicates and trims the
14 x 27 grid to create a 14 x 14 x 14 x 14 hypercube. The data created by this process increased
from 100M (input) to 163M (output), a 63% increase.

Our second Unix shell was designed to replicate the data used by ConocoPhillips in the Spring of
2009 to test the 3D FSME code. The WesternGeco synthetic data has 41-lines of 801-receivers so
they created a 41 x 41 x 41 x 41 hypercube with 41-points along each of the four mutually orthogonal
axes. The data created by our Unix shell increased from 292M (input) to 12.0G (output), a 4100%
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Figure 8: P (left) and dP/dz (right)
increase.

Please note the Unix shells work only because they take advantage of the symmetry properties of
the WesternGeco synthetic data in the cross line direction and the fact that the receivers are not
moving. Field data is not as symmetric. Creating the data necessary for colocated sources and
receivers will require (i) using “nearby” shots to approximate a given shot or (ii) reconstructing
near offset data. During the first author’s internship it was learned that Green’s Theorem code
can not do near offset data reconstruction. The hypothesis that the weighted limited aperture
migration /inversion method (stationary phase approximation) is better for data extrapolation may
be tested (Ramirez, 2007, chap. 3).

3.3 3D free surface multiple elimination code with and without preprocessing
by Green’s Theorem code

The reader is referred to Terenghi (2010).
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Figure 9: Using ¢kP (left) and dP/dz (right)
4 Summary

3D Green’s Theorem code has been developed and tested on synthetic data. The problem of
transforming synthetic data into colocated sources and receivers (required by multiple removal
code) has been addressed. Future work will involve testing 3D Green’s Theorem code on field data
and addressing the problem of transforming field data.
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Figure 10: Using ikP (left) and dP/dz (right)

6 Appendices
A Theory of source signature estimation

M-OSRP’s theory of source signature estimation is covered in Weglein and Secrest (1990) who
derive two equations containing the source signature: the Lippmann-Schwinger equation and a
second equation derived from Green’s Theorem. Comparing the two equations gives an equation for
the source signature as a function of measured 3D data and a reference medium Green Function.

A.1 Lippmann-Schwinger Approach

The constant density acoustic wave equation for the pressure field P created by a source A(t) at
position 7 is

2
<v2— L 0 >P(F,Fs,t):A(t)5(F—FS). (9)

A2(7) 0t2
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Fourier transforming from the time domain to the frequency domain gives:

2

24 ) P(F, e w) = A(w)S(F — 7).
(V4 ) Pl ) = )it - 1) (10

Restating wave speed c¢(7) as a function of reference medium speed ¢y and an actual medium
perturbation «(7) gives:

zia) = l2(1 — a(F)). (11)

r o

C

Substituting Equation (11) into Equation (10) gives:

2\ _ 2 -
<V2 N (;)2) P(7, 7y ) = A(w)S(F — 7)) + %a(F)P(F, 7o w). (12)
0 0

Converting Equation (12) from a partial differential equation into an integral equation (the Lippmann-
Schwinger equation) gives

~ ~ ~ ~ 2 ~
P(7,7s,w) = A(w)Go(F, Ts,w) + / dr'Go (T, F’,w)%a(?’)P(F’,FS,w). (13)
0o €

Because the Lippmann-Schwinger equation covers all space, there is no boundary condition to
impose a causal solution; therefore, choose a causal Green Function Gg to get a causal solution
P(7,Ts,w):

~ ~ ~ ~ 2 ~
P77 w) = Aw)GE (7, 7y w) + / &7 GE (7,7 w) oy a(F) P(F! 7y w). (14)
[e%) cO

A.2 Green’s Theorem Approach

Weglein and Secrest (1990) define the following to isolate the source signature:

(1) a reference medium consisting of a half space of air above a half space of water,

(2) a perturbation «(7) which converts the lower part of the half space of water into Earth,

(3) an integration volume V' consisting of a hemisphere bounded from above by the measurement
surface (the plane z = 0),

(4) a free surface (air-water interface) above the measurement surface (i.e., outside V'), and

(5) a source 75 on or above the measurement surface (again outside V).

Substituting P and Gy into Green’s Theorem gives

/ dF'[P(F |7, w)V 2Go(F', 7, w) — Go (7', 7, w)V 2P (7', 7y, w)] =
Vv

7{ dS' 1 - [P, 7, 0)V ' Co(7, 7, w) — G, 7.0)V P, 7y w)], (15)
S
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where V' is the hemispheric volume defined above, and S is the hemisphere’s surface. Substituting
Equation (12) and its corresponding reference medium Green Function differential equation into

Equation (15) gives:
r w) - GO(Flv Fv (.U)V /p(??/7 FS’ Ld)]

]{ dS'n - [P(F', 7y, w)V'Go(F', F,
S

_ / AP Fow) V' 2Co(F T w)
v ~—_——
(—w?2/c3)Go (7! ,F\w)+6(F! —F)
—Go(7', 7, w) V2P(7 7y w)
N —
A(w)d (7 —7%5)

(w2 /) P(F! 7y w)+ e () P(7 7 yw)+ A () (
€0

(7, 7w P(F! Py w) +6(F — 7)P(F, 7, w)

2~
_ /Vdf’[“’QGO

€
caﬁgels
w? ~ ~ w? ~ ~
+ gP(F’,Fs,w)GO(F’,F,w) —%a(F')P(F',Fs,w)Go(F',ﬁw)
cancels
—A(w)8(F" — 7)Go (7', 7, w)]
2

W)S(F — ) — Sa(i) P(F!, 7y, w)Go (7, F,w)

— / dF'[P(7', 7,
v Co
—AW)8(7F" = 7)Go(7', 7, w)]. (16)

Choosing 7€ V gives:
7 w) — Go(F!, 7, w)V ' P(7!, s, w)]

P(F,Fé,w)
—A(w) 8(F" — 7)) Go (7', 7, w)]
0
o~ 2 o~ o~
_ P(F,Fs,w)—/ 47" () B, 7y ) Go(7 7 ) (17)
v o

If the support for € V, rearranging Equation (17) gives:

P(7, 7y, w)

- / A Go (7!, 7, w) =5 (™) P
v €0
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+7{dS’,ﬁ-[ﬁ(F/,FS,w)V/CNJO(F’,r, ) — Go(F, 7, W)V P77, )]
S

~ 2 ~
_ / dF’GO(F’,F,w)%a(?’)P(F’,FS,w)
0 0
+7§ 4’ i - [P(7, 7o, )V ' Co (i, 7, w) — Co(i, 7, w)V P, 7y w)]. (18)
S

In Equation (18) the surface integral involves actual pressure measurements and their vertical deriva-
tives. Hence, the surface integral will choose a causal solution. For consistency with Equation (14)
choose a causal Green Function which gives:

P(F, 7 w) = / dF' G (7,7, w) Qa(r’)P(F’,Fs,w)
o0

j{ds“ [P(F', 7y w)V'GE (F, Fyw) — GE (7! 7, w)V P(F, Feyw)] (19)
S

A.3 Comparing approaches

Comparing Equations (14) and (19) gives an equation for the source signature:

~ 1 ~
Alw) = ~j§d5‘“ 7 P, W)V GE (7 7w
(w) G ) I [P(F!, 75, w) VG ( )
—GI (7! 7 w)V P(7 7y w)]. (20)

A few comments about Equation (20):

(1) Equation (20) is one form of the "triangle relation” relating the pressure wavefield P(7' 7y w)
and its vertical derivative V'P (7', 7y, w) along with the source signature A(w). In this instance, the
first two variables are used to calculate the third.

(2) The numerator and denominator in Equation (20) can be evaluated at any 7€ V.

(3) The source signature estimation code uses the 3D form G (F,7s,w) = exp (ikR)/R where
k=w/cy and R = | — 75| (Morse and Feshbach, 1953, p. 810).

(4) Tf the air gun array is replaced by a single isotropic source at 7’5 then Py (7, 7, w) = A(w)Gq (7,7, w)
and:

N
1 PO Tzarm
Aw) = —
() N Gg rz,rs,w)
N N
1 Aj(w) rl,Fs,w) 1
- = - N4 21
N G rl,rs,w) N; z(w) ( )

Equation (21) can be unstable near s because 1/G{ can “blow up”, so the code uses 1/(G§ + €).
Thanks to Dr. Warren Ross (ExxonMobil) for suggesting the form Equation (21).
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B Theory of deghosting

M-OSRP’s theory of Green’s Theorem deghosting is covered in Zhang (2007, pp. 19-23). The
procedure defines the following to separate upward moving and downward moving waves:

(1) a reference medium consisting of a whole space of water,

(2) a perturbation ag;(7') which converts the upper part of the whole space into air,

(3) a perturbation agg,¢n(7') which converts the lower part of the whole space into Earth,

(4) an integration volume V' consisting of a hemisphere bounded from below by the measurement
surface (the plane z = 0),

(5) a free surface (air-water interface) above the measurement surface (é.e., inside V'), and

(6) a source 7’5 on or above the measurement surface (again inside V).

The procedure also defines the following:

(7) a causal Green Function GJr (7,7, w) in the whole space reference medium,
(8) ko = (,U/Co,

(9) 7 € V and on or below the free surface, and

(10) S as the hemisphere’s surface.

Substituting the above into Green’s Theorem (Equation (15)) gives:

f{ dS' - [P(F!, 7o, w)V'GE (7!, 7, w) — GE (7!, 7, w)V ' P(F!, s, w))]
S

= [ P R - )

— k2 (air (F) + Qparen (7)) P(F! 7, 0) G (7!, 7, w)
0
— AW)S(F' = 7)GE (7, 7 w))

w)G (s, Tw)

= P(Fw /dF//cOam (P P(7' 7, w)GE (7, 7 w)
—A(w) Go (75, Tyw)
————
G (FiFsw)
= P(F,7,w) — / dF' G (7,7, w) k2 ovair (F!) P (7! s, w)
1%
— A(w)GF (7, 7y w). (22)

The physical meaning of Equation (22) is that the total wavefield at 7 can be separated into three
parts:

(1) the direct wave which travels from the source at 75 to 7 (third term on the right hand side),
(2) the pressure field whose last motion is downward from the free surface (second term on the
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right-hand side), and
(3) the pressure field whose last motion is upward from the Earth (the entire right-hand side).
Hence, Equation (22) is the receiver side deghosting algorithm.

Letting the radius of the hemisphere go to oo, the Sommerfeld radiation condition gives:
preghosted (7 7 ) = / dS'iv - [P(7, 7, w)V G (7, 7 w)
m.s.
~Gg (7, F,w)V'P(F, 7y, w)), (23)

where ]5(F "' Ts;w) and V' ]5(F ': Ts;w) are respectively the hydrophone measurements and their spa-
tial derivatives (in the frequency domain). Using reciprocity, a similar integration on the source
side will remove source ghosts.

If the derivative of the pressure is not measured, M-OSRP’s procedure predicts the pressure and
its vertical derivative on a "pseudo-measurement surface” located between the free surface and the
measurement surface using pressure measurements on the cable plus the source signature. The
procedure includes a "double Dirichlet” Green Function GFP (7,7, w) which vanishes on the mea-
surement surface as well as the free surface. GPP (7,7, w) is a solution of:

V' 2GPP (7' 7 w) + K2GPP (F 7 w) = 6(F — F +Zaz ), (24)

where a; = +1, and 7} is the position of the ith mirror image of 7 as the wavefield reflects from the
Earth and free surface. Substituting Equation (24) into Green’s Theorem (Equation (15)) gives:

f{ dS' i - [P(F, 7, w)V'GYP (7 7 w) — GEP (7', 7, w)V ' P(F, 7, w)]

S

= /dF’[ﬁ(F’,FS, W)V 2GPP (7!, 7 w) — GEP (7', 7, w)V 2P (7, 7, w)]
%

= / dir'[P(7', 75 w) | = KGEP (7, F.w) +8(7 =) + Y aid (i = 7)
Vv %/_/

n=1
cancel

—GPP (7' 7 w) | —K2P(F, 7y, w) +AW)O(F — 7) + k2 (0air (F') + Aparen(F)) P (7' 7oy w) |]
N—_————

cancel
e

— / A’ P(7', 7, ) (F' — 7) + / ' P(F, 7y w) Y aid(7' —7)

\% v n=1

- [ dFGEP 7w AW - )
Vv

‘/ dr'GEP (7, 7, )k iy (F) P (7 7o)
\%4

_/ dF/Gg)D(F,a Faw)kgaEarth(F/)ﬁ(FlvFva)' (25)
14
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Choosing V' to be the space sandwiched between the free surface and measurement surface and
7 eV gives:

/ dS' i - [P, 7 )V GPP (7 7.w) — GPD (7 7, w) V' B, 7y, w)]

Taking the derivative of Equation (26) gives:

0 0

8715(*, 7w ):A(w)aGODD(Fs,F,w)Jr/ dS' i - P(7! 7y, w)V ' aG D 7 w). (27)
z z m.Ss.

0z

The procedure predicts the pressure and its vertical derivative on the pseudo measurement surface
using Equations (26) and (27), respectively, and performs receiver side deghosting on the pseudo-
measurement surface using Equation (23) (Zhang and Weglein, 2005, p. 2).

After receiver side deghosting, using reciprocity, the procedure predicts the pressure and its vertical
derivative on the source side using:

P(7, 7y, w) = / dS' 7 - P(F', 7, w)V 'GEP (7', 7 w), (28)
6~ ) s Yo A 8DD—»/—»

p P(7,7s,w) = S’ n - P(F',Fs,w)V' o —Gy (7, Fw). (29)
4 m.Ss

which are the same as Equations (26) and (27) with their first right-hand side terms omitted. When
the receivers are below the source, all field components (the direct wave, the downward moving
pressure field reflected from the free surface, and the deghosted pressure field) are € V. However,
when the receiver is above the sources, only two components (the downward moving pressure field
reflected from the free surface and the deghosted pressure field) are € V; the direct wave is ¢ V.
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After predicting the pressure and its vertical derivative using Equations (28) and (29), the procedure
performs source side deghosting on the pseudo-measurement surface using Equation (23).

When coding the above, it was assumed that 9P/dn is measured and the following forms were used
in the code (Morse and Feshbach, 1953, p. 810):

In 3D G (7,75, w) = exp (ikR)/R where k = w/co and R = |7 — 7|, and

GPP (7, 7s,w) = exp (ikRy) /Ry — exp (ikR_)/R_ where k = w/c, and

Ry =/(z—25)? + (y — )2 + (2 F 25)°.

In 2D Gt (7,7, w) = —4H{" (kR4 ) and

GPP(F, 7y, w) = —4(HED (kRy) — HY (KR-)).

C Running the code

The Green’s Theorem code will be released to the sponsors after the Annual Meeting. It will be
posted on the M-OSRP website (mosrp.uh.edu) along with test data and user documentation.

D Theory of free surface multiple elimination

M-OSRP’s theory of Free Surface Multiple Elimination (FSME) is derived in Carvalho (1992). This
derivation has been included here because the first author is running the 3D FSME code with
and without the 3D Green’s Theorem code (using synthetic and field data) to test the hypothesis
that deghosting and source signature estimation by the 3D Green’s Theorem code will enable more
competent prediction of free surface multiples by the 3D FSME code.

If a given term in the forward scattering series creates a certain type of data, that term in the inverse
scattering series removes that type of data, e.g., if there is no free surface, there are no ghosts and
free surface multiples in the data. Hence, Gy must be of the form G’g + Ggs where Ggs acts to
create and remove ghosts and free surface multiples.

Deghosting is accomplished by multiplying each inverse scattering series equation from the left and
right by Gal then Gg; now the outer Gy’s have been replaced by Gg (but the inner Ggy’s are still
Gi+GE?).

GiViG§ = D (30)
GGl = —GIViGoViGYE (31)
GBGE = —GIVIG\VaGE — GIVaGo Vi GY

~GIViGoV1GoV1 G (32)

Reasoning by analogy, the subseries for free surface multiple elimination is developed by replacing
the inner instances of GGy in the above equations with Gg S,

Giviad = D (33)
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GhGad = —civicgEviGe (34)
GGl = —GIviGEIvGE — GGV GY
—GIViGESviGE v G (35)

where D] is deghosted data.

Rewrite Equation (35) in the suggestive form:

GoVsGl = —GiViG( °VaGf — GiVaGl P WiGY
~Ginetsv gEoviGe
N’
,V2
= —GIVIG{ VG —GiVaGl " ViGY +GiVaGh PG
cancels cancels

= —GiViGE WG (36)

Giv,ad = —aiviclov, 1 Ge (37)

D' = Y D, => GiV,Gj. (38)
n=1

n=1

Fourier transform Equation (38) into the (kg, ks,w) domain:

D'(kg, ksyw) = > Dj (kg ks,w), (39)
n=1
1 > .
where D, (kg, ks,w) = Z,7rpoB(w)/_Ooalk:qexp(zq(eg—I—es))
XD/l(kmkvw) ’;Lfl(k.7k57w) (40)

forn =2,3,4, ... Equations (40) and (39) are used in M-OSRP’s 2D free surface multiple elimination
code.

The procedure Carvalho (1992, pp. 12-14, 29-30) derives Equation (40) from Equation (30) and a
causal Green Function (Equation (43) derived below). The procedure defines the following in 2D:
B(w) is the source signature,

co = \/ko/po is the speed of sound in the reference medium (water),

b= I+

kg, ks, and k, are the Fourier conjugates of x4, x5, and x, respectively,

kz = _(QQ + q.s)a
ko is the bulk modulus of water,

q = sgn(w)v/(w/co)® — kZ,
g = sgn(w)y/(w/co)? — k7,

gs = sgn(w)/(w/co)® — kZ,
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po is the density of water,

(z,2) is a point in 2D space,

(x4, €q) is the line receiver location, and
(', 2") = (x4, €s) is the line source location.

D.1 Derivation of the Green Function

The procedure chooses a reference medium consisting of a half space of water with a free surface at
z=0. LogGy = ¢ takes the form

(U2
<V2 + cﬁ) Go(w,z,2",2sw) = —pod(z — a’)[0(z — 2') = 6(z + 2)]. (41)

d(z — 2’) models an impulsive source at depth 2/, and d(z + 2’) models an impulsive source that
"looks like” it originates at height —z’ above the free surface because its pressure wave has reflected
off the free surface (method of images). Fourier transforming Equation (41) with respect to x gives:

2 w2

. d
<(_ka)2 + @ + C%) GO(kma 2, :C,a Z,; UJ)

d? w?
- @4-%—]%20 Go(kz, 2,2, 25 w)

S \;’2% exp (—ikoa')[5(z — 2') — (2 + /). (42)

The causal solution of Equation (42) is:

—ik,x')
G kg, 2,2, 2 w) = Po_exp Z, ad exp (iqlz — 2'|) — exp (iq|z + 2 43
o ) Jar —2ig (exp (iq| ) — exp (iq| ) (43)

—k !
o £0 eXp( ¢ xx)exp(iq\z—z’\)—i—

V2T 2iq

po_exp (—ik,s)
vV 2m 2iq

~~
d FS
GO GO

exp (iglz + #]) (44)

(De Santo, 1992, Chapter 2) (Carvalho, 1992, (2.3) p. 12).

D.2 Derivation of Equation (40)
Letting Do(kg, ks,w) = D(kg, ks,w)/B(w) gives:

Do(kg, ]{75,(4)) - vang
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71- 721qg

X (exp zqg!z — ¢€g]) —exp (igglz + ¢4|)) Vi (7, 2,w)

po exp (iksz) , _ _ .
Xi\/ﬂim'qs (exp (igs|z — €s|) — exp (igs|z + €5]))

= — dx dz
(2i)2 ngs/ /

X exp( ikg)(exp (igg(z — €g)) — exp (igy(z + €4))) Vi (2, 2, w)
X exp (iksx)(exp (igs(z — €5)) — exp (igs(z + €5)))

= dx dz
(20)2 ngs/ /

X exp( ikgx) exp (igq2)(exp (—iggeq) — exp (iqeeq)) Vi (2, 2, w)

~~

—2isin (ggeq)

x exp (iksx) exp (igsz)(exp (—igses) — exp (igs€s))

~
—2isin (gs€s)

Sln Sln
_ PO (CIgeg Qst / / de dz

27 qgqs
x exp (—ikqgx) exp (iqq2z)Vi(z, z,w) exp (iksx) exp (igsz) (45)

(Carvalho, 1992, (2.5) p. 12 and (2.6) p. 13).
Now V] is needed.

2 2
Vo= LO—L:v'1v+“—<v.{v+°ﬁ)
Po Ko p(7) K (7)
1 1 1 1
(L Dyeas(lo 1)
(po p(?“)) Ko K(T)
1 Po 9 1 Ko
= V- —|1-2 v+ = [1-=2
Po p(7) Ko K(7)
B(7) a7
_ v.fDg 2ol (46)
Po K

(Carvalho, 1992, (1.6) p. 6).
Combining Equations (45) and (46) gives:

Do(kg, ks,w) = gfr Sm(qgez);m 4s¢s) / / dx dz
gis

x exp (—ikqx) exp (igyz) <V . LUV 4 w2 041(77)>

o Ko
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x exp (iksx) exp (igsz)
_ s smn)inte) g
e
where I = / / dx dz exp (—ik,x) exp (igyz)w? ( ")
x exp (iksx) exp (iqsz) (47)
and I, = / / dx dz exp (—ikgx) exp (iqez)V - Bp(jv
x exp (iksx) exp (igsz). (48)
Rewriting Equation (48) gives:
I, = /oo /OO dxdzV - {exp (—ikgx) exp (igqz) ﬁlp(:)
x V(exp (iksz) exp (igsz))]
/ | dwdz PO (exp i) exp ia.2)
V(exp (—ikgx) exp (zqg z))- (49)

(Jackson, 1999, inside front cover, 7th Vector Formula).

The first integral in Equation (49) vanishes (use the divergence theorem, then the expression inside
the square brackets vanishes at oo by causality). The second integral in Equation (49) gives:

I, = — /OO /oo dz dz i) (iksZ + 1qs2)(exp (iksx) exp (igsz))
Po

—ikgl 4 iqgZ2)(exp (—ikqx) exp (igyz))

= / / (ksky — 0s1)

x exp (iksx) exp (zqs )exp( ikg) exp (iggz).

p (=
(

Substituting Equations (47) and (50) into Equation (45) gives:

Dolky, ks, w) = 57‘; Sm(qgeg ;m 5€s) / / da dz
q4s

exp (—i(kg — ks)x) exp (—i(—qy — ¢s)2)
X [WQOQ(:E’Z) + (qgqs — kgks)ﬁl(x’Z)] :

Ko 0

Performing the Fourier transforms gives:

D (k97k57w) = Qp% sin (QQEQ) sin (qses) [w2 al(kg — ks, —qqg — qs)
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3 k _ks - - s
kgks)ﬁl( g s =g — qs)
Po

+ (QgQS - (52)

where [...] = Vi(kg, ks, w). Therefore:

2 q94s
Vil o) = G g sin (gneny 0 o)
_ 2 (24)%qyqs Do(ky, ks, w)
p§ (exp (igeeq) — exp (—igge,y))(exp (igses) — exp (—igses))
2w —4qqqs exp (iggeq) exp (igsés)
p(z) (exp (2iggeq) — 1)(exp (2igses) — 1)

DO(kgz ks: w)
—_—

D(kg ks,w)/B(w)

=4 qq9s . .
= 9r— 9
T Bl) o2 exp (iqq€q) exp (igs€s)

0
D(kg, ks, w)
X - N
(exp (2iggeq) — 1)(exp (2igses) — 1)
Di (k;:rks,w)

(53)

Using Equation (44) to transform Equation (37) into the (kg, ks, w) domain gives:

1 o0
Vn(k:g,kzs,w)ZQ/ dk 22V (kg by w) Vi (K, s, ) (54)

T J_ o  —2iq

Substituting Equation (53) into Equation (54) (for all terms except the first) give the desired result:

1 £0 > dk
Vn(kgaksaw) = % —9 ;

—4 q4q : .
X 2 ——— 9= exp (igge,) exp (iges) Dy (ko, k, w
B(W) p% ( g 9) ( ) 1( g )

drop

-4 qq . .
x 21 m p—; exp (igeg) exp (iqs€s) D! (k, ks, w)

0
modify
1 L0 > dk /
= — — D! (k,, k
2
- q . . /
2 = D k. k
X WB(w) p% exp (iqeq) exp (iqes) Dy, (K, ks, w)

1 o0
=27 — dk ) s
mos | A eplinle, o)

[e.e]

XD,l(kmk?w) ;1—1<k>k87w) (55)

which is the desired form to within a factor of 2.
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3D Free-Surface Multiple Prediction: numerical testing and coding update

P. Terenghi and A.B. Weglein

Abstract

M-OSRP maintains a highly optimized three-dimensional implementation of the inverse scatter-
ing free-surface multiple elimination algorithm designed to run on largely distributed computing
systems. Thanks to the contributions of many researchers, the project is currently at a stage
where the code is being refined in order to facilitate testing on field data, realistic synthetics,
and where possible to relax assumptions which are not required by theory. This note provides
new results on synthetic data and coding updates with respect to the version released in Summer
2009.

1 Theory and requirements

The M-OSRP three-dimensional free-surface multiple prediction code implements the theory pre-
sented in Carvalho (1992), Araujo et al. (1994), Weglein et al. (1997) and in Section 5 of Weglein
et al. (2003). The derivation begins with the choice of a homogeneous half-space of water as a
background medium and considers wave-propagation according to the laws governing 2D media.
However, the choice of propagation and model-type (whether the medium is acoustic or elastic, 2D
or 3D) becomes completely transparent in the final expression. Ultimately, the algorithm may be
considered multi-dimensional and model-type independent.

The inverse scattering algorithm for free-surface multiple prediction is formulated according to a
series whose first term involves a de-ghosted version of the difference between the responses of the
actual (G) and reference medium (Gy), according to:

(G = Go)erho*t = GEViGY (1)

where V] represents a first order approximation to the earth properties, obtained in terms of the
input data.

The response of the reference medium (a half-space of water) may be decomposed in two contri-
butions: the direct arrival G& and its ghost reflections (Ggs) traveling from the source up to the
free-surface and from the free-surface down to the receivers:

Go = G+ GJ". 2)
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on the other hand, Gg may be regarded as the impulse response of a whole-space of water without
a free-surface.

The quantity on the right-hand side of Equation (1) represents the input data: the first step for
the elimination of surface multiples is the subtraction of the reference wave-field from the total
wave-field. The algorithm is in fact set to operate on data without a direct arrival and its ghost
reflections either on the source and the receiver side.

Additionally, both source and receiver-side ghost-reflections should be eliminated for the part of the
wave-field resulting from the actual medium where its properties differ form those of the reference
medium. Further, the knowledge of the source signature will largely improve the estimation of
multiples and facilitate the task of subtracting them from the initial data. Clearly, an optimal best
result in multiple elimination will depend on how accurately the requirements are met.

A family of data-driven pre-processing algorithms, including wave-field separation (cancels the direct
wave-field and its ghost), wavelet estimation, ghost removal (removes source and receiver ghosts),
data-reconstruction, suitable for the said purpose may be obtained starting from Green’s second
identity (Green, 1828), (Ramirez and Weglein, 2009). Those algorithms naturally compliment the
inverse scattering theory in establishing wave-equation compliant end-to-end processing of seismic
data from acquisition to imaging and inversion.

The expression for V; obtained by resolving the first-order Expression (1) may be used in the
second-order expression:

where the subscript m indicates evaluation at the measurement surface. The inverse scattering
free-surface multiple prediction algorithm is then obtained by selecting the contribution to V5 from
the Green’s Function deriving from the free-surface Ggs only. The final expression is a series for
deghosted and free-surface-multiple-free data D’ in terms of deghosted data D’1, where the initial
term is:

D' (kg ks, w) = ZD’ (kg ks, w) (4)

with the symbols kg, ks and w representing the wave-numbers along the source and receiver axes
and the angular frequency, respectively. All subsequent terms are computed using the recursive
expression:

1 too ;
D%:mpofuw)/ dk g €1Cs+2) Df (g, k,w) D, (k. ks, w) (5)

where ¢ is an obliquity factor given by:
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‘ w?
q = sign(w) Z k2, (6)

and z, and z4 are the depth below the free surface of the sources and receivers, respectively. The
source wavelet A(w) appears in the denominator, to represent spectral deconvolution by the source
signature.

2  Coding update

The 3D free surface inverse scattering series multiple removal code was written by Sam Kaplan
during his collaboration with M-OSRP between 2004 and 2006 (Kaplan et al., 2005). Before the
code could be extensively tested, Sam Kaplan began his PhD studies at the University of Alberta
and the code was subsequently debugged by in Simon Shaw (ConocoPhillips) and Kris Innanen
(M-OSRP) (Innanen et al., 2008). Further undocumented efforts are due to Haiyan Zhang (Conoco
Phillips) and Zhigiang Wang (M-OSRP) during 2009.

The majority of the code remains to date unchanged vs. the version released during Summer 2009.
It was however deemed convenient to review some coding choices regarding the organization of data
samples in the Fourier domain. The old code operated on Fourier transformed data sampled on a
discontinuous axis:

1 1

N S S
[0, +2AJ: 2Ax

—Akyg],

a strategy that requires a large number of indices to keep track of positive and negative frequencies
separately. In the new version, we implement spectral shifts (fftshift) and re-arrange the Fourier
spectra in monotonically increasing order:

1 1
—_ ...,0,... .
[ 2% Az’ 7 ’+2*A:v}

The cost of performing the additional re-shuffling is largely compensated by the simplification in
the indexing scheme for the most intensive internal loops. Because of the new layout convention,
separate loops along the positive and negative spatial frequency axes can be merged into single
loops and many related variables can be discarded.

In connection with the said modification, the code now can handle any relationships between spatial
sampling rates in the four directions of space, while the older versions assumed equal or denser
sampling on the receiver side than on the source side (dxs > dz,) (Kaplan et al., 2005).

It is however important to point out that the theoretical requirement remains, that the input data
must represent an actual wave-field. That condition is met if the recording area (or receiver spread)

42



Surface multiples M-OSRP09

covers the same surface area as the shooting area. In practice,the code only checks that the following
conditions hold:

nrs - Azrs =nrg-Arg , nys-Ays =ny, - Ay,

within limits dependent on the minimum wavelength in the data. It thus remains the user’s respon-
sibility to make sure that the absolute locations match.

3 Numerical Examples: isolated diffractor

This example demonstrates the new capability of the 3D FS multiple code to handle all different
spatial sampling rates for sources and receivers in the in-line and cross-line directions. Here, the
sampling parameters are as follows:

Axzg =12.5m , Az, =10.0m , nxs=40 , nzy =50,
Ay, =10.0m , Ay, =12.0m , ns, =30 , ny, = 25.

The data feature two seismic events (a ghost-free primary and its surface multiple) generated by
an ideal point-diffractor in an acoustic half-space characterized by water speed. Figure (1) displays
a two-dimensional section, parallel to the receiver in-line axis, extracted from the five-dimensional
input data hyper-volume.

The source signature is a zero-phase Ricker wavelet with a peak amplitude at 30Hz and maximum
frequency at 60Hz. Given the sampling rates in all four dimensions of space, the dataset satisfies
anti-aliasing criterion:

c
Az <
2fmam

where Ax is a generic spatial sampling increment, c¢ is the speed of seismic waves and fi,q, is the
highest temporal frequency in the data.

(7)

Figure (2) shows a two-dimensional section of the output prediction corresponding to the input
profile portrayed above. The result appears accurate despite some diagonal coherent artifacts which
can be attributed to the abrupt truncation of seismic events and insufficient spatial tapering.

4 Numerical examples: WesternGeco synthetics

The numerical exercise described here is the natural continuation of work carried out at Cono-
coPhillips during 2009, which led to the first release of the 3D inverse scattering free-surface pre-
diction code. A set of acoustic synthetic seismic data generated using the finite difference method
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iFFr30_s40530_50<25, tp. _sx10500_su20500.9x _gu20506._,5u

Figure 1: Isolated diffractor: in-line section of the input data.

- Ximage =

diFFr3D_s40,30_g50x25,FEPRED, 5x10500_5420500_gx_g20506_su

Figure 2: Isolated diffractor: multiples predicted by the 3D algorithm.
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was made available by WesternGeco during 2009 for the purpose of testing and debugging the 3D
inverse scattering free-surface multiple prediction code.

The data simulate a 3D marine acquisition over a set of realistic geological structures. The employed
subsurface model is characterized by cylindrical symmetry, where steep dips and rapid velocity
variations only occur along one horizontal direction of space (in-line), while no variations occur
along the orthogonal cross-line direction.

The virtual acquisition covers an area of 7Km in the in-line direction (parallel to the sail line) and
0.5Km along the cross-lines. While previous tests favored cross-line aperture (Innanen et al., 2008)
involving only a limited in-line extent, for this exercise we choose to begin from a narrow azimuth
3D geometry composed of 5 sail lines and the corresponding 5 lines of receivers used in their entire
in-line length. The utilized data geometry thus covers an area of 7000m by 50m. Further, we make
provisions for further testing at larger cross-line apertures of 125m, 250m and 500m.

Spectral analysis reveals how this data yield significant amplitudes up to a temporal frequency of
fmaz = 60H z. For that value of fy,4:, the synthetic only satisfies the spatial anti-aliagsing criterion
(7) on the receiver side while some negative effect of source-side aliasing may be expected in our
final results.

Figure 3: FK spectra of a sample shot: left frame: input; middle frame: multiples obtained without wavelet
information; right frame: multiples obtained using wavelet information.

Figure (5) displays five shot gathers (receiver line at zero cross-line offset) selected at equal distance
along the in-line direction. A simple visual inspection of the data reveals the increasing geologic
complication in the data for increasing depth.

In our first attempt, we chose to predict free-surface multiples ignoring the wavelet requirement.
The Algorithm (5) is then evaluated with A(w) = 1. Figure (6) shows the leading order (n = 2)
predicted surface multiples at the same locations as in Figure (5). As expected, the results show that
multiples are correctly predicted at any depth (recording time) regardless of the level of geologic
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Figure 4: Wavelets used within the multiple prediction algorithm. Left: true source signature used for
modeling of the data; right: effective wavelet, incorporating the averaged effect of source and
receiver ghosts.

complication. The expected negative effect of spatial aliasing on the source side can be noticed in
the surroundings of all predicted events in the form of a small-amplitude diagonal “checkerboard
texture”. In a more careful analysis, we notice how the differences in temporal resolution and
a moderate time shift between the input data and the prediction would make the elimination of
multiples ineffective in practice.

Such differences can be further characterized using the f-k amplitude spectra of the input data and
of the result. In Figure (3), the frame on the left represents the f-k spectrum of an input shot gather
while the middle frame represents the f-k spectrum of the multiples predicted at that same location.
The frequency extent (along the vertical axis) of the spectrum in the left frame is clearly smaller
than in that in the middle as a result of the missing compensation (deconvolution) for the input
source signature.

In an ideal situation where the wavelet information is available, the Algorithm (5) offers the chance to
compute predictions closer to the actual multiples recorded in the input data. However, the optimal
choice of wavelet depends on whether or not the ghost reflections have been previously removed
in the input data. For the case of previously deghosted data, the optimal choice is certainly the
theoretical signature of the source which, for synthetics, corresponds to the waveform fed into the
finite difference modeling tool. For the case of non-deghosted data, the best result in multiple
prediction is obtained using the combined effect of the theoretical source and its ghost reflection
(an example of both cases is described in Figure 4).

Since the data made available for our example do not include measurements for the wave-field’s
vertical derivative (which is fundamental for Green’s Theorem deghosting described elsewhere in
this report), our results are presented using the second approach. We therefore estimate the effective
source signature by singling out the first arrival at an intermediate offset (wavelet on the right in
Figure (4)).

Figure (7) displays the same leading order result as in Figure (6) when a suitable estimate of the
input wavelet is used. Visual inspection reveals a better correspondence between the computed mul-
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tiples and the multiples in the input data (Figure (5)). The improved correspondence is confirmed
by the spectral plot in the right frame of Figure (3). In the middle and right frames, it is worth
noticing how source-side spatial aliasing affects the prediction in the well-sampled receiver domain
starting at 30Hz.

9 Conclusion and Future plan

The inverse scattering series provides a rigorous framework for the formulation of a free-surface
multiple prediction and elimination algorithm. We provided an update on the status of the three-
dimensional implementation which has been simplified and modified to release restrictions on the
sampling of the input data.

The new code and its new features were tested on new and larger synthetic examples. The results
confirm both the accuracy of the method and its dependence on the accuracy of all pre-processing
requirements, including the removal of ghost reflections and the estimation of the source signature.

The updated version of the code will be made available to the sponsors shortly after the annual
meeting.
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Figure 5: Input data: five shot gathers at zero crzfésline—offset taken along the central in-line from the
WesternGeco data.
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Figure 6: Input data: surface multiples predicted by the inverse scattering algorithm without using wavelet
information. The data locations are the same as shown in Figure (5).
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Figure 7: Input data: surface multiples predicted the inverse scattering algorithm using wavelet infor-
mation. The data locations are the sameas shown in Figure (5).



Efficacy determination and efficiency advances for the inverse scattering series
internal multiple removal: an update, land data testing and evaluation

Shih-Ying Hsu and Arthur B. Weglein

Abstract

In this report, we review the inverse scattering series (ISS) internal multiple attenuation algo-
rithm and outline changes to the current implementation of the 1D algorithm. The effectiveness
of the 1D algorithm and efficiency improvement of the multi-dimensional version of the algo-
rithm are discussed as well. The first published results on land data demonstrate the efficacy
of the 1D ISS internal multiple attenuation algorithm (Fu et al., 2010) . For increasing effi-
ciency of the multi-dimensional version of the algorithm, the preliminary results show a 75%
cost savings of the current 2D ISS internal multiple code using quasi-Monte Carlo integration
(Hsu et al., 2010) and we anticipate greater cost savings for a 3D implementation of the ISS
internal multiple algorithm.

1 Introduction

Multiple removal/attenuation has long been recognized as an important research subject in seismic
exploration. Multiples are seismic events that propagate down from the source and are recorded as
upgoing waves at a receiver with at least one downward reflection. Depending on the location of
the downward reflections, multiples are divided into free-surface multiples and internal multiples.
Free-surface multiples have at least one downward reflection at the free-surface. Internal multiples
have all downward reflections below the measurement surface. When exploring offshore areas, the
most dominant multiples are associated with the reflections at the free surface; thus, performing
free surface de-multiple is often sufficient. However, when exploring complex marine areas, internal
multiples become relevant. When exploring onshore areas, the internal multiples predominate and
can have destructive interference with primaries or be misinterpreted as primaries if not attenuat-
ed/removed properly.

Free surface de-multiple technology has reached a mature status in seismic processing. There is a
toolbox available with effective and practical algorithms (see, e.g., Verschuur et al., 1992; Carvalho,
1992). On the other hand, effective and efficient algorithms for internal multiple removal still need
development work to be robust in practice. The ISS internal multiple attenuation algorithm was
first proposed by Aratjo et al. (1994) and Weglein et al. (1997). It is a data-driven algorithm,
independent of subsurface information that predicts internal multiples for all horizons at once.
This algorithm predicts the correct traveltimes and an approximated amplitude of the true internal
multiples in the data. Ramirez and Weglein (2005) extended the theory from attenuation towards
elimination by improving the amplitude prediction. Matson (1997) extended the theory for land
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and ocean bottom applications (see also Matson and Weglein, 1996) and showed the first towed-
streamer field data example using the 2D version of the algorithm (Matson et al., 1999). Other
implementations were done by Coates and Weglein (1996), Otnes et al. (2004) and Kaplan et al.
(2005).

In this note, we briefly review the ISS internal multiple attenuation algorithm in the second section
and outline the status of the ISS internal multiple code in Section 3. In Section 4, we summarize
the effectiveness of inverse scattering internal multiple attenuation (IMA) algorithm on land data
(Fu et al., 2010). The implementation of quasi-Monte Carlo integration method to increase the
computational efficiency of the IMA 2D code (Hsu et al., 2010) is addressed in Section 5, followed
by conclusions.

2 Theory

We start with the forward scattering series derived from the Lippmann-Schwinger equation:
G =Gy +GoVG, (1)
which can be expanded in a forward series:
G=Go+G)\VGo+ G)VGVGy+---, (2)

where G and Gy are the actual and reference Green’s functions. Define D = G — Gy as the
measurement of the scattered field and expand the perturbation V as a series:

V=Ti+Va+ Vit (3)
where V,, is the portion of V' corresponding to the n-th order in the data.

Substituting V,, = >, V;, into equation (2) and set terms of equal order in the data equal gives the
inverse scattering series in terms of data:

D = GoV1Gy, (4)
0 = GoVaGo + GoV1Go V1 Gy, (5)
0= GoV3Go + GoVaGoViGo + GoViGoVaGo + GoViGoViGoViGo, (6)

Equation (6) can be written as:
GoV3Go = —GoV1GoVaGo — GoVaGoViGo — GoViGoViGoViGo
= GoV31Go + GoV32Go + GoV33Go,
where
Va1 = =ViGoVa,
V3o = —VaGoV1, (8)
Vag = =ViGoViGoVh.
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The first two terms in equation (7) are refraction-like events associated with primaries. They
contribute to imaging and inversion and hence are not chosen for removing internal multiples. The
third term in equation (7), GoV33Gy, is defined as a reflection-like inverse scattering if it changes
propagation direction with respect to the measurement point after being altered by V;. Note that for
reflection-like scattering the geometric relationship between scatterers must be lower-higher-lower
(Weglein et al., 1997).

The ISS internal multiple attenuation algorithm for a 2D earth begins with the input data, D =
GoV1Gp, which is assumed to be deghosted and free-surface demultipled. For an homogeneous
background, the 2D Green’s function Gq satisfies:

w2

(V2 + 5)Go(z,2', 2,2y w) = =6(x — 2)6(z — 2). (9)

0
The parameter w is temporal frequency, ¢ is the constant background velocity, (2’, z’) denotes the
source location and (x, z) is any point in 2D space. Fourier transforming equation (9) over x — 2/

gives:
0?2 w?
(@ — k:g, + ?)Go(kx, 2,2 w) = —6(2 — 7)) (10)
0

where k; is the Fourier conjugate of z — 2’. The casual solution to equation (10) is

iqlz—2|
c (11)

Golky, 2,2 ;w) =

)

—2iq

where the vertical wavenumber ¢ is defined as:

w2
g = sgn(w),|— — k2. (12)
€

In the frequency-wavenumber (f-k) domain, the input data GoV1 G is given by:

D(kg, ks,w) = /dml dxy dz Go(z1, 29, 2; W) Vi(21, T2, 2)Go(22, 2, 253 W)
6iq9Z9 e_iq3ZS

= Vi(kg, ks, s

—2iq, 1(kg, ks, qg + qs)

where 11 = x4, — x and x93 = x — w,.

—2iqs

The parameters k, and kg are the horizontal wavenumbers for source and receiver coordinates.
. . . 2
The vertical source and receiver wavenumbers, ¢, and g¢s, are given by ¢; = sgn(w),/% — k? for

<
i = (g,5); co is the constant background velocity; z; and z, are source and receiver depths.

Following similar steps, V33 = —V1GoV1GoV1 becomes:

1 dk
Vas(kg, ks, g + qs) = W/%(kg,khqfrm) :

—2iq1

dko
—2iqo

(14)

X /Vl(klak%_(h —q2) Vi(ka, ks, q2 + qs)

+ residues due to poles in V;.
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The effective data corresponding to a single frequency plane-wave incident field is defined as
bl(kg7k'37Qg +QS) = —2iq; D(kg7k87w)- (15)

Substituting (15) into equation (14), we have:

1 ,
b33(kga ks, qq + QS) =~ 752 /dkl €_Zq1(Zg_ZS) bl(kga k1, qq + Q1)

(2m)

(16)
X /dk‘Q €' Zo72) by (ky, ko, —q1 — q2) bi(k2, ks, a2 + qs) + residues.
Note that the effective data bi(kg, ks, qq + ¢s) can be written as:
bl(kgv ks, qq + CIS) = / b1 (kga ks, Z) ei(qurqS)de
- (17)

— / bl (k‘g,k‘&z) ei(‘Ig-i-(Js)de +/ bl(kg,kmz) ez’(qg+qs)zdz

—00 2!
where the first part satisfies z < 2’ and the second part satisfies z > 2/.

By substituting (17) into equation (16), bss can be split into four parts corresponding to the four
diagrams in Figure 1. The portion associated with internal multiples is shown in Figure 1(d) which
satisfies a lower-higher-lower relationship given by

1
béM(kg,ks,w) = (27T)2/

0o /oo dky efiql(zgfzs)de ei2(29—25)
X/ dzy by (ky, ki, z1) e9ata)z

21—€ )
X/ dZQ bl(k‘l,kg,Zg) 6_1(q1+q2)z2

—00
(o]

></ dz3 by (ka, ks, 23) eilaztas)zs (Aratjo, 1994; Weglein et al., 1997).
zo+€

(18)

The pseudo depth z; (i = 1,2,3) is the depth location resulting from constant velocity migration.
The quantity by (kg, ks, z) corresponds to an un-collapsed migration (Weglein et al., 1997) of effective
incident plane-wave data, by (kg, ks, gy + ¢s). The small positive number € ensures that z; and 23 are
always greater than zy. For band-limited data, € is related to the width of the wavelet. The output

of equation (18), bgM, is associated with the measured data through the relationship:
1
D™ (kg kg, w) = “oig oM (ky, ks, g + qs)- (19)
S

When we inverse Fourier transform D' (k,, ks,w) back to the space-time domain and subtract the
estimated internal multiples from the input data, all first order internal multiples are attenuated
and higher order internal multiples are altered.
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(a) 1

2,>12,,2,> 7,

Figure 1: Diagrams corresponding to different portions of GoV1GoV1GoV1Gg. The three portions shown in
(a), (b) and (c) which corresponds to primaries. The only portion contributes to the first-order
internal multiples is shown in (d).

3 Updates on internal multiple attenuation code

The released IMA codes were written by Sam Kaplan (see Kaplan et al., 2004; 2005, for the detail).
We fix the missing step that removes the obliquity factor —2igs from bgM (kg, ks, qq + qs) to obtain
the internal multiple attenuator in terms of measured data DM (see equation (19)).

Other changes including bug-fixes and improvements contributed by Ian Moore and Adriana C.
Remirez (WesternGeco), Simon Shaw (ConocoPhillips), and Sam Kaplan (University of Alberta):

e Fixes to 'oneside’ option in 1D code based on Fourier Transform property:
if f(x) = f(—=x), then F(k,) = F*(ks).

e Fixes to scaling factors

In addition to the updates, after the collaboration and discussions with the research team in Saudi
Aramco, we are revising the sampling of obliquity factor and are currently investigating and resolving
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other issues including artifacts in the prediction. More data are being tested and the updates will
be released after the annual meeting. The coding project for the 3D ISS internal multiple algorithm
will be addressed in Terenghi and Weglein (2009).

4 Land data applications

In the theory section, we show that the ISS solves for the perturbation V using reference a Green’s
function Gg and measured data D. One reasonable question to ask is what to choose for the
reference medium. To simplify the problem, the ISS needs the reference medium to agree with the
actual medium at and above the measurement surface so that the perturbation exists only below
the measurement surface. Hence, the known near surface properties, including reference velocity,
are required. This requirement may be difficult to obtain for onshore applications where near
surface complexity often produces unavoidable errors in reference velocity measurement. However,
the task of the ISS internal multiple subseries is not solving the earth properties and thus is less
demanding on accurate reference properties. Hsu and Weglein (2008) have shown that the ISS
internal multiple attenuation algorithm is independent of the reference velocity for an 1D earth with
elastic background. The capability of predicting exact travel time of internal multiples without an
accurate reference velocity is essential for land applications.

The tests on realistic synthetic and land field data from Saudi Arabia have been shown in Fu
et al. (2010). The synthetic data used in this work were modeled based on a field sonic log which
has a large number of layers with one-foot thickness. The result of this synthetic data shows
that the strong internal multiples in the zone of interest are eliminated completely and the main
primaries are preserved. This demonstrates the strength of the ISS internal multiple algorithm,
i.e., it does not require any information about where the multiple generators reside or interpretive
intervention and it predicts internal multiples for all horizons at once. With the confidence of the
prediction obtained from the ISS method, the land field data test is performed. In this case, strong
internal multiples are all generated within the complex, thin layers of the near surface. The overall
suppression of the internal multiple has improved the definition of the primaries, which resulted in
better interpretability of the data. Those results from Saudi Aramco are encouraging and no other
internal multiple method was able to provide similar effectiveness.

It should be mentioned that those data tested in Fu et al. (2010) have significant interferences
between primaries and internal multiples. Hence, the degradation of the primaries due to adaptive
least-squares subtraction may occur in the results. In response to the degraded effectiveness due
to the presence of close interference between primaries and internal multiples, there is a pressing
need to improve the prediction and reduce the reliance on adaptive subtraction since the later may
damage the primaries.

The high predictive potential requires the amplitude and phase of internal multiples to be predicted
by the algorithm, which requires a known source signature as one of the prerequisites. Performing
source signature deconvolution reduces interference between primaries and multiples in the data,
which enables the ISS internal multiple attenuation to be extended toward elimination (Ramirez
and Weglein, 2005). The reason is that the elimination algorithm uses events in the data to predict
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arrival times and amplitudes of internal multiples. The presence of inference between primaries and
multiples gives incorrect amplitudes of primaries; hence, using an interfered primary as a subevent
in the elimination algorithm will affect the amplitude prediction and result in degraded efficacy.

5 Quasi-Monte Carlo integration method

As mentioned previously, the ISS internal multiple attenuation algorithm is a data-driven algorithm.
It does not require any information about the internal multiple generators, moveout differences, or
interpretive intervention. The algorithm predicts internal multiples for all horizons at once by trying
all possible combinations of the three subevents that can generate an internal multiple. These are
the advantages of the algorithm but there are issues as well. The major challenge of the algorithm
is its efficiency. The computation cost of the multi-dimensional version of this algorithm is very
high and increases with the maximum output frequency in the prediction. Hence, improving the
efficiency of the algorithm is important.

The multi-dimensional version of the ISS internal multiple attenuation algorithm requires evaluation
of multiple integrals over the entire dataset (five integrals in 2D and seven integrals in 3D). One
possible solution in improving the efficiency in evaluating multiple integrals is to use a statistical
integration approach based on random sampling. A well-known method is Monte Carlo integration.
The idea is to pick a set of random points within the integration domain and then estimate the
multi-dimensional integral by averaging the values of the integrand at these selected points. Using
the Monte Carlo method, a d-dimensional integral is estimated by randomly selecting points in a
d-dimensional hypercube and averaging the value of the integrand at these points:

b1 ba Vv N
/ f(361,362,"'790d)dl’1"'d96d%NZf@ljf",Gdj)y (20)
al a, ]:1

d

where x; is the variable of integration for ¢ = 1,...,d, the coordinates of the randomly selected
points in the d-dimensional space are denoted by (61;,---,04), and N is the total number of
random samples. The hypercube volume is denoted by V. The error in Monte Carlo integration is
independent of the dimension of the problem at hand which makes it suitable for higher-dimensional
integration. However, the convergence rate of the error is 1/v/N, which is slow compared to classic
integration methods where regularly sampled points are used.

The quasi-Monte Carlo method, an adaptive version of Monte Carlo method, uses low-discrepancy
sampling instead of uncorrelated random sampling. Low-discrepancy points are generated by a
deterministic formula that picks sample points in a self-avoiding way. Hence, low-discrepancy points
fill the integration space more uniformly and quickly than random points. Using low-discrepancy
points makes the quasi-Monte Carlo method more efficient than the Monte Carlo method. In optimal
cases, the error associated with quasi-Monte Carlo decreases as fast as 1/N. The preliminary results
with numerical examples are shown in Hsu et al. (2010). With a 75% cost savings of the current
2D IMA code using quasi-Monte Carlo integration, we anticipate greater cost savings for a 3D
implementation of the ISS internal multiple algorithm (see Hsu et al. (2010) for further details).
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6 Conclusions

The 1D internal multiple algorithm has demonstrated its effectiveness on realistic synthetic and land
field data. The significant interference between primaries and internal multiples makes subtraction
without damaging the primaries very difficult to achieve. The field data tests indicated that the
1D algorithm is robust even with the presence of interference events. However, the degradation
of the primaries due to adaptive subtraction is visible which requires improving the prediction.
Performing source signature deconvolution enables more predictive results and hence reduces the
need for adaptive subtraction. Tests on source signature deconvolved data are underway.

In response to the computational challenge on a multi-dimensional version of the new algorithm,
a quasi-Monte Carlo integration method has been developed. The numerical tests have shown
encouraging results for a 2D implementation and greater cost savings for a 3D implementation is
anticipated. The progress on increasing efficiency shows the potential for the algorithm to be more
realistic in the 3D marine field data. Further study on improving efficiency will be continued in
collaboration with Einar Otnes and Adriana Remirez in WesternGeco.
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3D Internal Multiple Prediction coding project: preliminary notes

P. Terenghi and A.B. Weglein

Abstract

M-OSRP is starting a new coding project aimed at obtaining a 3D implementation of the inverse
scattering series internal multiple prediction algorithm. The new implementation will build on
the body of experiences and solutions built previously for the optimization and parallelization
of the existing 2D code. In particular, we recognize the 2D code written for the Blue Gene
supercomputer as the optimal starting point for developing the new code. In the first part
of this note, we review the previously experimented algoritmic optimization devices and adapt
them to the 3D case. In the second part, we estimate the size of the computational effort and the
minimum amount of computer memory required by the 3D algorithm for a range of input data
sizes. We find that careful management of computer memory is critical and that an adequate
parallelization strategy ought to be designed around that issue.

1 Algorithmic optimizations

The inverse scattering internal multiple attenuation algorithm was first derived by Aratijo (1994)
and Weglein et al. (1997) as a subset of the inverse scattering series. A leading order expression for
internal multiples can be obtained by manipulating the rightmost term in the third order inverse
scattering formula:

GoV3Gy = — GoViGoVaGo — GoVaGoViGo — GoViGoViGoViGo

and selecting the portion which complies with a “lower-upper-lower” relationship between scattering
interactions.

The key expression for the leading order two-dimensional algorthm (Weglein et al., 1997) is

“+o00 “+o00

1 , '
bgM(kgv ks, w) = 2m)? dky e~ (20=25) gl ia2(29—2s)

d21 b1 kg,kl Zl> i(ggta1)z1
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\

— 00
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where w is temporal frequency; k, and ks are the horizontal wavenumbers for source and receiver
coordinates, respectively; the vertical source and receiver wavenumbers, ¢, and ¢,, are given by the

dispersion relation ¢; = sgn(w), /“c’—j — k2 for i = (g,s); o is the constant background velocity; 2
0

and z, are source and receiver depths and z; (i = 1, ..., 3) represents pseudo-depth (depth location
given by migration with background velocity).

The integrand by represents effective plane-wave incident data (data scaled by an obliquity factor):
bl(kgvksaqg +QS) - _Qiqu(kgvksaw)m (2)

where D(kg, ks, w) is the Fourier-transformed prestack data. The effective data are introduced in
Equation (1) after an uncollapsed Stolt migration (Weglein et al., 1997) maps b; (kg, ks, gg +¢s) into
the pseudo-depth domain by (kg, ks, z;) using the constant background velocity co.

Using a simple mathematical device, Kaplan et al. (2004) decoupled two of the inner integrals in
Equation (1) and proposed a new expression for the 2D internal multiple attenuation algorithm (1):

1 +0o0 +o00 . .
b3 (kg, ks, w) = @2 / / dley e 12075 gy e (20= )

o0 )
X / le b1 (k‘l, kiz, Zl)e_z(qﬁ_qZ)Zl

—0oQ

+o00 A
x / dz by (kg> k1, Zg)ez(qg+Q1)22
z1+e€

+o0 )
X / dzo 0y (k‘g, ks, 22)62(q2+q5)z2 (3)
z1+€

Expression (3) is mathematically identical to Expression (1) and yet computationally more efficient
by an order of magnitude as the two integrals in dzo can be computed in a single loop.

Starting from Equation (3), an expression of the leading order inverse scattering internal multiple
attenuator suitable for 3D data can be written as:

1 +o0 ' ‘
bé]w(kmg’ kyg7 kIS’ ky37CU) = (27[_)41//// dkxldkyl eilql (ngzs) dkadkyQ €Zq2(zg725)
+oo '
X/ dz bl(kl‘lvkylvkx%ky2,Z1)eﬂ(q1+q2)Zl

—+00

i(qg+

X / dzy by (k:cga kyg’ kg1, kyla ZZ)GZ(qg )22
z1+e€

!Expression (3) is implemented in all versions of the internal multiple prediction code currently released by M-

OSRP.

62



Internal multiples M-OSRP09

400 .
X / dZQ bl(k.TQ’ ky27 ka:87 kys: 22)61(Q2+q5)zza (4)
z1+€

where the newly introduced symbols k, ;) and k), with i = g¢,1,2,s, represent the horizontal
wave-numbers along the coordinate axes x (in-line) and y (cross-line). The vertical wave-number ¢
is re-defined through the 3D dispersion relation

w? 2 2
¢ = sgn(w) 2 kx( - ky(l) (5)
0

for i=(g,1,2,s) . We notice that in the 3D theory, both the input data D and the effective data by
are described by 5-dimensional quantities, replacing the 3-dimensional quantities of the 2D case:

bi(kag, kyg, kxs, kyss 4g + @s) = —2iqs D (kzg, kyg, kas, kys,w). (6)

Following the thread in Kaplan et al. (2004) we establish an intermediate function p:

+o0 )
p(kxg7 kyga kazh kyla ka; ky?; k'a:57 kys; W) = / dzl bl (kxla kyh k$27 ky?a Zl)eil(qlJqu)Zl

—0o0

—+00
X / dzo bl(kaz97 kyga kg1, kyla ZQ)eZ(qurql)ZQ
z1+€

/ dzp bl 25 kva kgs, kys7 22)61(q2+43)22 (7)
z1+€

such that Expression (4) becomes:

—+o00
bﬁM(kzgvkymkrSvkys,w = 27r //// dkz1dky et (zg=2) g z2dkyo i42(29—2s) (8)

P(kzga kyga kxla kyla kz27 ky2a k:}csa kysa W)
Further, we define the functions G and H as:

400 )
G(ka:gy kyga ke, kyla 21, w) = / dzy bl(kxga kyg» kg1, kyla 22) ez(qg-i-ql)zz
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+00 )
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whose discrete values G; and H; can be conveniently computed by recursion (Kaplan et al., 2004),
starting from the highest available pseudo-depth z,, (for simplicity, dependence on angular frequency
and horizontal wavenumbers is omitted):

Gn = b (k;vg, kyg, ka1, kz2, Zn) ei(gota1)zn

H, = b (kx2a ky27 kys, ky& Zn) 6i(q2+q2)zn (10)

and then up to the surface using expressions:

Gi—1 = G+ Az b (ijg, kyg7 ke, kyla Zi—l) 6i(‘19+q1)2i71
Hifl = HZ —+ AZQ bl(kz2, kyZa ijs’ kysa Zifl) 6i(q2+q$)zi_1 (11)

where Az indicates the discrete counterpart of dz. We now rewrite Equation (4) as:

P(k?zga kyg; kg1, kyla ez, ky2a ks, kySa W) =
+o0 )
/ dzl bl (kmlu kyh k:EQ) ky?v Zl) 6_1(q1+q2)21 G(kzg; kyg: kyg7 kIl; kylv 217 w) H(k1‘27 ky27 kIS7 ky& Z17 CL))
—00
(12)
and notice how a single realization of p for a fixed set of horizontal wavenumbers k4, kyg, kz1, Fy1,
ke, ky2, kus, kys (three integrals in dz) can now be computed in a single loop over the depth axis.

A second important observation is that every realization of p requires the same amount of compu-
tation, regardless of the choice of ky1, ky1, kz2 and kyo (Kaplan et al., 2005).

2 Parallelization

In this section we focus on parallelization as a means to expedite the outer integrations along the
horizontal wave-number axes. Based on an estimate of the CPU and memory resources required
for the computation of the 3D algorithm, we review here the suitability of certain parallelization
solutions devised previously for the 2D case.

2.1 Load balance

It is useful to anticipate that the optimal parallelization strategy results from distributing the
load equally across all computing nodes. At the end of the previous section we identified a single
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realization of p as a convenient unit for work load, characterized by a constant computing cost per
realization. That unit is the base for the parallelization strategy which constitutes the backbone of
our horizontal optimizations.

Therefore, optimal load balancing depends on an accurate estimate of the number of realizations of
p required to compute the algorithm.

The 3D Algorithm (4) shows that determining a single element in b{™ (for given values of kg, kg,
kzs, kys and w) requires the integration of function p along four dimensions ky1, ky1, ka2 and kyo.
However, the dispersion relation relates the vertical wavenumbers to their horizontal counterparts
and factually limits the range of integration along those four axes.

In particular, on the right-hand side of Equation (4) we have:

2 2

w w
@ = sgn(w) ol k2 — k2 g2 = sgn(w) e k2o — ko (13)
0 0

The effective integration range will be given by the domain of the non-evenescent wave-field, which
is characterized by real-valued vertical wave-numbers ¢q; and ¢o:

w
ths — {(kxl , ]{Tyl s k‘xg , yQ s w \/ka + k‘ \/ka —|—k‘ § 7} (14)
€

Clearly, the range of the integrals in kz1, ky1, kz2 and kyo will increase with the value of w. If ng
is the number of samples along each of the two-sided spatial wave-number axes k,; and k,; (with
= 1,2), then, at a given angular fequency w, the number of discrete wave-number samples in

Domain (14) is proportional to the product of the areas of two circles kﬁz + kzl = ‘;’—22 with ¢ =1, 2:
0

ths — R s — — )=, 1
oo = (B n(By o () (15)
Similarly, on the left-hand side of Equation (4) we have:
w? 2, — k2 w? 2 j2
qg = sgn(w) (| —5 — ki, — k3, qs = sgn(w) \| —5 — kis — k; (16)
i o

Since only the non-evanescent portion of the output bgM is of interest, then only the combinations

of kzg, kyg, kzs, kys and w which correspond to real values of g, and g will be considered:

2
w

CDlhs = {(kl‘g ) kyg ) kws ) ys ) \/kQ +k§g ) \/k2 +k2 S 072} (17)
0
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Again, at a given angular fequency w, the number of discrete wave-number samples in domain (17)
can be compared to the product of the areas of two circles kgl + kfﬂ = ‘2—22 with i = s, g:
0

ng
2

ng
2

Ny

NI = 2

)2 om()? = w0 (18)

Considering the non-evanescence conditions on both sides of Equation (4), the domain of calculations
is

D = { (ks » kys , kag » kyg s ka1, ky1 , ka2 s kyp , w) | (19)
2

2 2 2 2 w
(\/k:%:s + kg%s ) \/kc%g + kgg ) \/katl + kyl ’ \/ka + ky? < 67(2)) }

The total number of sample points in Domain (19) equals the number of realizations of p required
to compute the algorithm for a full 3D dataset. Assuming the maximum values of angular frequency
and horizontal wavenumbers wyyq and kyyq are such that wyy, ~ co knyg, the total number of
realizations of p may be estimated as a combination of (18) and (15):

N3P = Zaln, (58 (ne,ng > 1) (20)

with n,, is the number of samples in the one-sided temporal frequency axis w.

For comparison, in the 2D case the number of sample points in the computation domain (Kaplan
et al., 2005):

w
< (ka:s ’ kxg ’ kxl ) kaﬂ ) < *) } (21>

w
©2D = {(kggg, kxgy kxla kaaw) | - — X
o o

may be estimated as proportional to the volume of a 5-dimensional hyper-pyramid constructed
over the lengths of the frequency and wave-number axes. Such a volume, representative of the 2D

algorithm, is:

N - N

5
A selection of example values for the extent of the computation domain for the 3D and 2D cases
may be found in Tables (1) and (2). However, it should be noticed that values tabulated therein do
not result from simply evaluating Expressions (20) and 22. On the contrary, they result from testing
the non-evanescence conditions numerically for discrete values of w and k (more detail can be found
in the caption to Tables (1) and (2)). The values tabulated in Tables (1) and (2) therefore represent
a more accurate estimate of the computation domain away from the condition wyyq, ~ co knyg,
which was assumed for Expression (20).

NZD = (1, nge > 1). (22)

Based on the total count, an equal number of realizations will be assigned to every compute process.
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ng =10 | ny =20 | np =50 | ng =100 | ni = 200 | ng = 500 | ni = 1000
n,, = 100 1.9e+11 | 3.6e+13 | 4.6e+16 | 1.1e+19 | 2.8e+21 | 4.1e+24 1.1e+27
n, = 200 7.6e+11 | 1.4e+14 | 1.8e+17 | 4.4e+19 | 1.1e4+22 | 1.6e+25 4.2e+27
n, = 500 4.7e4+12 | 9.0e+14 | 1.1e+18 | 2.7e4+20 | 6.8e+22 | 1.0e+26 2.6e+28
n, = 1000 1.9e+13 | 3.6e+15 | 4.6e+18 | 1.1e+21 | 2.7e+23 | 4.1e+26 1.0e+29
n, = 2000 7.5e+13 | 1.4e+16 | 1.8e+19 | 4.4e+21 | 1.1e+24 | 1.6e+27 4.1e+29
n, = 5000 4.7e4+14 | 8.9e+16 | 1.1e+20 | 2.7e4+22 | 6.8e+24 | 1.0e+28 2.6e+30

Table 1: Number of evaluations of p required to compute the 3D algorithm. The non-evanescent portion of
the wavefield has been evaluated numerically using a background medium velocity ¢y = 1500m/s,
a time sampling interval dt = 0.004s, and a space sampling interval dz = 10m.

ng =10 | ng =20 | ng =50 | ng = 100 | ng = 200 | ng = 500 | ni = 1000
n, = 100 4.7e+07 | 6.7e+08 | 2.4e+10 | 3.8e+11 | 5.9e+12 | 2.3e+14 3.7e+15
n,, = 200 1.9¢e+08 | 2.6e+09 | 9.6e+10 | 1.5e+12 | 2.4e+13 | 9.1le+14 1.5e+16
ng, = 500 1.2e+09 | 1.6e+10 | 6.0e+11 | 9.3e+12 | 1.5e+14 | 5.7e+15 9.1e+16
ny, = 1000 4.7¢+09 | 6.6e+10 | 2.4e+12 | 3.7e+13 | 5.8e+14 | 2.3e+16 3.6e+17
ny, = 2000 1.9e+10 | 2.6e+11 | 9.5e+12 | 1.5e+14 | 2.3e+15 | 9.1e+16 1.4e+418
n, = 5000 1.2e+11 | 1.6e+12 | 5.9e+13 | 9.2e+14 | 1.5e+16 | 5.Te+17 9.0e+18

Table 2: Number of evaluations of p required to compute the 2D algorithm. The non-evanescent portion of
the wavefield has been evaluated numerically using a background medium velocity ¢y = 1500m/s,
a time sampling interval dt = 0.004s, and a space sampling interval dz = 10m.

2.2 Memory requirements

We now estimate the the amount of computer memory required by the 3D internal multiple pre-
diction algorithm. Expression (4) clearly shows that, for a fixed value of kg, kyg, ks and kys
and w, the integrations along ky1, ky1, kz2, ky2 and z, still span the entire 5-dimensional extent of
b1. Moreover, the rapid variation of indices corresponding to variables k;1, ky1, kz2, ky2 and 2 in
Algorithm (4) suggests the necessity that data be available for random access.

Assuming each spectral coefficient of by is described by an 8-byte variable, an estimate of the amount
of memory effectively required by the 3D algorithm, evaluated for a range of typical data sizes, is
given in Table (3).

An inspection of Table (3) shows that current computing equipment would support the 3D case
only in the smallest data configurations. To overcome that issue, the algorithm ought to be further
decomposed into parts dependent on smaller portions of the input by, each manageable within the
memory built into a single compute node. On the other hand, each of the spatial integrals in
Expression (4) samples b; along mutually perpendicular directions and an efficient data logistics
scheme seems to be hard to devise.

A rational and efficient data-handling strategy can only be achieved thanks to the observation of
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nEe — 10 nge — 20 nge — 50 ng = 100 ne — 200 ng — 500 ng — 1000
n, = 128 10 Mb | 163 Mb 6 Gb 102 Gb 1Tb 64Th 1Pb
n, = 256 20 Mb | 327 Mb | 12 Gb 204 Gb 3 Tb 128Tb 2 Pb
n, =512 40 Mb | 655 Mb | 25 Gb 409 Gb 6 Th 256Th 4 Pb
n, = 1024 81 Mb 1 Gb 51 Gb 819 Gb 13 Th 512Thb 8 Pb
n, = 2048 163 Mb 2 Gb 102 Gb 1 Tb 26 Tb 1Pb 16 Pb
n, = 4096 327 Mb 5 Gb 204 Gb 3Th 52 Tb 2 Pb 32 Pb

Table 3: Determining memory requirements. Estimate of memory requirement for one realization of func-
tion p (Equation 7) for various data sizes.

ng =10 | ngy =20 | ng =50 | ng = 100 | ng = 200 | ng = 500 | ni = 1000
n, =128 102 kb | 409 kb 2 Mb 10 Mb 40 Mb 256 Mb 1 Gb
n, = 256 204 kb | 819 kb 5 Mb 20 Mb 81 Mb 512 Mb 2Gb
n, = 512 409 kb 1 Mb 10 Mb 40 Mb 163 Mb 1 Gb 4 Gb
n, = 1024 819 kb 3 Mb 20 Mb 81 Mb 327 Mb 2 Gb 8 Gb
n, = 2048 1 Mb 6 Mb 40 Mb | 163 Mb | 655 Mb 4 Gb 16 Gb
n, = 4096 3 Mb 13 Mb | 81 Mb | 327 Mb 1 Gb 8 Gb 32 Gb

Table 4: Determining memory requirements. Estimate of memory requirement for one realization of func-
tion p in the 2D case for various data sizes.

symmetries in the effective data by Kaplan et al. (2005). It is in fact straightforward to demonstrate

that the wave-number domain reciprocity relation:

f(kgv ks) = f*<k87 kg)

(23)

holds for any real valued function f(z4,xs), where k; and k, are the Fourier conjugates of x4, and
xs. The wave-number reciprocity property can then be applied to the effective data b; and used to
rationalize the data requirements of the prediction algorithm.

Specifically, the wave-number reciprocity relationship allows Expression (7) to be rewritten as:

1
béM(kmga kygakxsakysaw) = W/

—+00
<J
z1+€
—+00
|
z1+€

+o0 _ 4
/// dkgidkyy e "1 Gom%) dlyodhyy €702
+o00 -

X / le bl(kftlv kyl: kw?; kyQ, Zl)e_i(q1+q2)zl
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+o0 )
p(kxgy kyga kg1, kylv ke, ky?; kgs, kys; w) = / dz by (kxla kyl; kg2, kyZa Zl)eiz(ql+q2)21

—0o0

—+00

i(qg+

X / dz bl(kxga kyg) kg1, kyla ZZ)GZ(qg )22
z1+e€

+o0 .
x / dzg U (Kus, kys, ko, by, 22) e (02705)22 (25)
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where the instance of bi(ka2, ky2, kxs, kys, 22) has been replaced by b](kys, kys, kz2, ky2, 22). That
way, any requirement for source wave-number gather is converted to a requirement for a receiver
wavenumber gather.

It is now important to notice how a relatively large number of calculations can be performed
using a data base of just three receiver wave-number gathers by (kzg, kyg, 1), b1(Kas, kys, ;1) and
bi(kg1,ky1,:,:) in the computer’s local memory. It is therefore convenient to design the process
such that the integration along the innermost spatial variables k 2 and kg is executed under the
assumption that the computer has enough memory to store those three gathers locally. At the end
of that task, the computer will only need to load a different realization of the gather by (ky1, ky1,:,:)
to continue the integration along k;1 and ky;.

3 Work plan: develop 3D functionality based on the existing Blu-
gene implementation

During 2004, a version of the 2D internal multiple prediction algorithm was written to run on largely
distributed cluster systems such as the IBM Blugene/L (Kaplan et al., 2005) (Perrone, 2007). The
code was designed to use a large number of nodes (thousands) with small local memory resources.

The stringent restrictions on node resources led to the memory-saving solution outlined in Section
2.2 and to a very effective parallelization strategy based on task specialization. The code is composed
of specialized procedures for nodes assigned to compute, data distribution and data collection tasks.

The compute nodes are responsible for a set of realizations of p required to evaluate the algorithm.
These nodes also request and receive the subsets of the effective data relevant for those computations
from the data nodes.

Conversely, the data nodes hold the effective data b; in memory and communicate parts of them to
the compute nodes when needed. Since the size of the data may be larger than the node’s memory;,
a group of two or more nodes may be necessary to administer data distribution. Thanks to the
wave-number reciprocity property, any data gather requested by a compute node can be mapped
to a gather that is entirely contained in one of the data node’s memory.

The collection nodes are in charge of receiving the realizations of p from the compute nodes and of
accruing them to construct the output prediction. Since the size of the output prediction béM is
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similar to the size of the effective data by, a similar number of nodes should be used for collection
as used for input.

Because of its characteristic of scalability and parsimonious memory management, the Blugene code
constitutes a very convenient starting point for the development of the 3D case, where both data size
and the computational effort are expected several orders of magnitude larger then for the 2D case.
From the point of view of cost, the parallelization of the data distribution and collection processes
allows the code to run on a virtually unlimited number of nodes, provided that an appropriate ratio
is maintained between those dedicated to computing and those dedicated to the distribution and
collection of the data. The parallel backbone of the existing Blugene code may also handle the large
input 3D data by simply using by an adequate number of data distribution and collection nodes.

4 Conclusions

These notes mark the onset of a new coding project, aimed at prducing a 3D implementation of the
inverse scattering internal multiple prediction algorithm. Our quantitative estimates indicate that
the 3D approach implies a computational effort several orders of magnitude higher than in the 2D
case. Such a sharp increase clearly depends on both larger input data size and higher theoretical
complexity with respect to the 2D algorithm.

Those extreme characteristics further emphasize the need for a scalable and efficient parallel pro-
gramming scheme, whose aims are not limited to expediting the computations. We recognize in fact
that only a very refined parallel infrastructure may be capable of performing the calculations using
the resources offered by the distributed computing system currently in use.

Most of that infrastructure is already functioning in the 2D version of the algorithm specifically
written for the IBM Blue Gene cluster. Therefore we identify that implementation and several
solutions therein as an excellent starting point for the new task.
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Addressing the bandlimited nature of seismic source and rapid lateral
variations of the Earth: source regularization and cascaded imaging operator

Fang Liu and Arthur B. Weglein

Abstract

In the inverse scattering series (ISS), the seismic data processing can be catagorized as five
major tasks: (1) the elimination of free surface multiples, (2) the elimination of internal multi-
ples, (3) imaging the primaries to their actual depth, (4) Q compensation and, (5) inverting for
parameter changes across geological boundaries. This article focuses on the third task of the
aforementioned procedure: imaging primaries to their correct spatial location without knowing
and using the actual subsurface velocity. The major objective of this article is to accommodate
the most imminent challenges for M-OSRP future field imaging test: the multiparameter and
multidimensional nature of the Earth. The first segment studies the source signature regular-
ization for multiparameter imaging and the second segment is the progress in one parameter
imaging for multidimensional medium with rapid lateral variation. Compared with our previous
work, the progresses include the following: (1) cross-communication between data from different
angles are studied and a stable and velocity independent regularization procedure is proposed
and demonstrated with numerical examples and, (2) the polynomial expansion of many seismic
operators are identified and the relationship between the seismic imaging operator to calculate
a1 and as is studied. A cascaded application of the seismic imaging operators is formulated to
capture more imaging capability for models with rapid lateral variations.

1 Introduction

After its initial proposal in Weglein et al. (2000; 2002), seismic imaging subseries was further devel-
oped in Shaw et al. (2003); Weglein et al. (2003); Innanen (2004); Liu et al. (2004); Shaw (2005);
Liu (2006). The velocity perturbation is defined as:

2
€0

Zen) Y

afr,z) =1-—
and calculated from the data on the measurement surface as:

a(z,z) = o (z, 2) + aa(x, 2) + as(z,2) + -, (2)

where a; is the first term in the inverse series and is the part of the velocity perturbation that is
linear in terms of measured data. In our case, it is the same as migration inversion with constant
water speed, Clayton and Stolt (1981). The first imaging subseries being identified is the leading
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order imaging subseries (LOIS) (Shaw et al., 2003; Shaw, 2005). It was extended higher order
imaging suberies (HOIS) (Liu et al., 2004; Liu, 2006) to incorporate models with large contrast.
Both LOIS and HOIS are constructed from the linear image «q. The intuitive leap from LOIS to
HOIS is based on the physical interpretation which serves as our guiding principle for many years:
in geological models without lateral variation, we should not incorporate information from deeper
layers to determine the spatial location of a reflector.

Compared with the current seismic imaging methods, the inverse scattering imaging subseries allow
the seismic events to communicate among themselves nonlinearly to further image primaries to
their correct spatial locations with a constant unchanged and often highly inaccurate reference
velocity. Since one of the major challenges in seismic imaging is to obtain a working velocity field
for geological targets with rapid lateral variations, our seismic imaging problem in M-OSRP focuses
on the acoustic medium with lateral velocity variation but without density variation.

In Shaw (2005); Liu (2006), the nonlinear communication between seismic data is restricted within
data from a single incidence angle. It is easy to imagine the issue for this restriction: if the Farth
has multiple types of changing properties, the data from a certain fized incidence angle will not have
enough freedom to incorporate any change beyond welocity." Naturally, the cross-communication
between data from different angles are necessary.

Extending the one-parameter result of Shaw et al. (2003); Shaw (2005), the parameter inversion
subseries in Zhang and Weglein (2003; 2004); Zhang et al. (2005); Zhang (2006); Jiang et al. (2008);
Li and Weglein (2010) are formulated as communications between seismic data with different in-
cidence angles. Following the strategy of divide and conquer, the problem is formulated in the
simplest scenario where the parameter inversion problem exists and the task is focused on the com-
plicated process of inverting for parameters from perfect data, i.e, the impulse response which has
infinite bandwidth.

It is well known that the seismic data in the field is always bandlimited: it lacks low-frequency and
high-frequency information. It is very important in ISS imaging research to accommodate bandlim-
ited source in multiparameter imaging. This article will discuss the issue caused by a bandlimited
source and formulate a regularization procedure to address this challenge. The procedure we pro-
posed is stable and velocity independent, i.e., no subsurface information is needed, just like the
multiple removal methods and seismic imaging algorithms from the M-OSRP.

Another important task in ISS imaging research is to handle geological models with rapid lateral
variations. The Fourier transform techniques with interpolation documented in Liu and Weglein
(2008) provide us with very accurate numerical values of many seismic imaging operators and
pave the path towards quantitative understanding about their relationship. We study the seismic
imaging operator in oy and a9 calculation that has no 1D analogy. It is clear that there are lots
of astonishingly simple relationships between the rapidly varying seismic imaging operators that
have not been identified and these relationships will significantly contribute both to the effectiveness

'As an example, in 1D the seismic data from a single incidence angle is a function of time: D(t), which has
one degree of freedom that cannot be used to calculated two depth functions c(z) (velocity) and p(z) (density)
simultaneously.
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of the imaging algorithms to handle rapid lateral variation and the efficiency of the algorithms in
terms of computational time.

Several interesting phenomena are worth reporting: (1) the family of seismic imaging operators
Nm,n (where m > —2,n > —1) are simpler and vanish completely in many areas and they are the
composite function of Bessel functions of the first kind and the square root function, (2) the seismic
imaging operator &, , (where n > —1) can be very accurately approximated by 7,,—1,m,, and (3) the
seismic imaging operator to calculate a; and «g are of the same family and the calculation of oy
and a9 are closely related.

Most of the inverse scattering tasks after the free surface multiple removal is cascaded, i.e., most of
them are an infinite series containing terms that are by themselves an infinite series. For example,
the internal multiple attenuation algorithm in Weglein et al. (1997) contains one term and the
corresponding leading order elimitation subseries in Ramirez and Weglein (2005) contain an infinite
number of terms. As another example, in order to accommodate a large velocity contrast, the
simultaneous imaging and inversion series in Innanen (2004) and the higher order imaging subseries
in Liu et al. (2004) have to include additional terms to extend the original leading order imaging
subseries identified by Shaw et al. (2003). The cascaded nature of ISS is another guiding principle
that has been emphagised in inverse scattering research for many years, which is demonstrated very
helpful in the velocity independent imaging research.

Taking advantage of the cascaded nature of the inverse scattering series and the close relation
between the seismic imaging in a; and as calculation, we propose the cascaded application of the
lateral varying part of the a; seismic imaging operator to represent the part of as contribution
that is linear in terms of the measured data. This cascaded operator is constructed from {_o», a
known structure previously identified. The cascaded operator consistently improves the image of
geological models with rapid lateral variations: (1) more accurately image the reflectors at depth,
both laterally and vertically, (2) produces images that is invisible in the linear image and turns
unwanted diffractions in o into geological boundaries and, (3) works constructively in all M-OSRP’s
imaging subseries. For example, the leading order imaging subseries (LOIS) and the higher order
imaging subseries (HOIS).

2 Conventions, notations, and definitions

In this article we use cp to denote the constant unchanged reference velocity?, pg is the reference
. A . .
density and denote i=v/—1. The function sgn is defined as:

1 if(u>0),
{2 o

if (u < 0).

1>

sgn(u)

—~
~

It is easy to verify the following identity:

%It is also called migration velocity since it is the constant velocity field inputted into our imaging algorithm.
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sgn(uv) = sgn(u)sgn(v). (4)

We use H to denote the integral of Dirac d-function or the Heaviside function:
u
Hw)2 / 5(v)dv { ; EEZ S 8; (5)
—00
It is easy to verify the following identity:

H(uv) = H(u)H(v) + H(—u)H(-v). (6)

The square root is used extensively in this article based on the symmetry of Green’s function detailed
in Liu and Weglein (2008), we define our special square root?:

P (02
m&{ sgn(iu)\/u +wv if (u® +v > 0), (7)

—u?—w if (u? +v < 0).

We insert an extra question mark to avoid confusion with the ordinary square root operator NE
Note that in the definition above, we intensionally placed the argument u inside the bracket <>
to indicate our choice that when the argument inside the square root is positive, the sign of the
answer is chosen to follow u. Consequently, the numbers inside the square root on the right-hand
side of Equation (7) are always positive and we have chosen the square root to be positive. It is
straightforward to verify the following properties of our specifically defined square root?:

\?/<—u>2+v:—<\7/<u>2—|—v> ,

i\?/<—u>2—|—v:(i\?/<u>2+v) , (8)
ei\?/<—u>2+v _ <ei\"7/<u>2—i-v)>f< )

It is easy to prove by exhausting all possible cases that if both v and w = v/<u>2 + v are real, u
can be inverted from w simply as:

w=v/<w>2—v. (9)

3This square root is very useful in representing the vertical wavenumber calculated from the dispersion relation.
For example, in the dispersion relation: k? 4+ ¢*> = (w/co)?, according to our Fourier transform convention, g should

be calculated as: ¢ = /<w/co>2 — k2.

“In Equation (8), the superscript *

means complex conjugate.
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The wide tilde sign ~ is used above a function to denote its Fourier transform and the following
Fourier transform conventions are used throughout this article.

We use t to denote time and w to denote its Fourier conjugate (temporal frequency). The Fourier
transform of a function f(¢) in the time domain into its spectrum in the frequency domain is defined
as:

o
Flw) = / F(t)edt. (10)
—00
The corresponding inverse Fourier transform is defined as:

1

£ =5 [ Fwre o, (1)

We use z to denote depth (the vertical coordinate), its Fourier conjugate is denoted as vertical
wavenumber k,. The forward and inverse Fourier transform between z and k. are respectively

defined as:

1

fe) = [ f)eta . g2 = o [ Fle*ar. (12)

On the other hand, the Fourier transform between x (the horizontal coordinate) and k,, (the hori-
zontal wavenumber) is defined with a different sign convention:

A

R%F/fmf%Wx,f@

1>

1 7~
o [ Tk, (13

3 Source regularization for acoustic multiparameter inversion

3.1 The incidence wave from a perfect impulsive source

In the frequency domain, a source located at x5 = z; = 0 in a homogeneous acoustic medium with
velocity cg and density pg will produce a steady wave that satisfies:
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82 62 w2
0x2 ' 022 = - 14
<ax2*az2*cg>‘”ﬁx’%“” Po(2)3(z) (14

Following the physical interpretation immediately after Equation (74) in Appendix A, we apply a

Radon transform with constant slope p = Smg < i, or an equivalently forward Fourier transform

i dxe™** on the equation above where the wavenumber k is proportional to the frequency: k = wp,

the original 2D Helmholtz equation is transformed into a 1D Helmholtz equation®:

2
<8822 +w [Co 2 2]) Go(p, z,w) = pod(z).

With the Fourier transform from time to frequency defined as: f f f(t)etdt , the causal

solution of the 1D wave equation above is obviously (Weglein et al., 2003, Equatlon 64)%:

elalz|

Go(p, z,w) = po

where q=/<w/co>2 — k2 =w\/cy? — p2. (15)

Equation (15) can be transformed from the w-domain into the 7-domain as’:

2iq

GO(p7 Z, T) -

17 gzl T iwly/eg 2—p2lz| 7]
Po

= e W g, = 22
2

2i 27r /
. q % 21w

e w )
_ s (16)

=—”HQ—z|%%m§,
24/cy? — p?

where H is the Heaviside function defined in Equation (5). This solution is essentially Equa-
tion (7.3.16) of Morse and Feshbach (1953). Note that the Heaviside function conserves shape after
applying an arbitrary stretch factor, for example, H(x) = H(x/5) = H(9z).

5The same notation Go is used for the Green’s function for both before and after the transform. This will not
cause much confusion since the domain of Gg can be identified by the arguments inside the parenthesis immediately
after.

STt is essentially Equation (7.2.19) of Morse and Feshbach (1953).

"If p, the ratio between k and w, is fixed, then the inverse Fourier transform from w will obtain a result in the
vertical time 7 domain. The detail can be found in Appendix A, Equation (75), and the physical interpretation
immediately after.
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3.2 The incidence wave from a bandlimited source

The Green’s function can be viewed as the wave caused by an ideal impulsive source, where in
Equation (14) the source signature can be viewed as w(w) = 1 (in the frequency domain) or
w(t) = 6(t) (in the time domain). If the source is not ideally implusive and has a wavy or tapering
signature (in the frequency domain) w(w) # 1, the incidence wave Py satisfies the following Equation:

2 2 w2
(§¢+£,+ >%@ZW%%M(ﬁ”wW) (17)

Obviously, Equation (17) can be obtained by simply multiplying Equation (14) with a factor w(w).
Hence, in the frequency domain, it’s solution Py is simply G¢ multiplying w(w):

Py(x, z,w) = Go(zx, z,w)w(w). (18)

Since a multiplication in the w-domain corresponds to a convolution in the conjugate 7-domain
after Radon transform with slope p = %, the incidence wave in the homogeneous medium is the
convolution of the source signature w(t) with the Green’s operator in Equation (16):

%maﬂz7GmMmmv—mm:AQ—uw@%mﬂ, (19)

where the function A is defined as:

t t

At) = — Y / w(u)du =~ [ ()i (20)

_p —00 —00

We denote the portion of A(t) that depends only on the wavelet as:

W(t) = / w(u)du. (21)

—0oQ
Re-writing the amplitude term as -3 65_02 — = — 52805, the direct arrival is:
o |z| cos 6
Po(p,z,7)=A|T—|z|\/c,"—p? ) =4 T—T . (22)
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Following the principal of divide and conquer, let us consider the simplest geological model where the
bandlimited source will cause communication issues between data from different incidence angles:
an acoustic model with constant velocity where there is no seismic imaging problem; for example, a
simple geological model with homogeneous velcoity ¢(z) = ¢y and variable density as the following:

00 if(z < dp),
p(z) = P1 lf(do S z S d1)7
P2 lf(z > dl)

In the medium specified by the equation above, the steady wave satisfies the following Helmholtz
equation:

2 2 w2
<(§;2 + 8822 + 62(z)> Py(z,z,w) = pd(z)d(z)w(w). (23)

Applying the Radon transform with fixed p or Fourier transform over x with the conjugate variable
fixed as k = wp, Equation (23) becomes:

—— +w? [0_2(2) - pﬂ Py(p, z,w) = pd(z)w(w). (24)

oo
Equation (24) can be transformed into 7 by applying the inverse Fourier transform: % [ dwe™T
—0o0

on both sides to have:

2 2 T z
J 20 -2 TR i), 5)

Equation (25), is a 1D wave equation with propagation velocity [C*Q(z) - pz] ~1/2_ 14 is obvious that

in the 7-p domain, the original 2D wave equation becomes a 1D wave equation with propagation
velocity [6_2(2) — pQ]_l/ ? and density p is kept the same. A well-known result concerning the

reflection coefficient of a 1D wave equation states:

In 1D, a two-layered acoustic medium with velocity and densities being (¢, pg) for the
first layer, (c1, p1) for the second layer, and the reflector depth is at z = h, the reflection
coefficient and two way travel time (for coincident source and receiver at depth z = 0)

_ c1p1—copo _
are R = 0000, and t = 2h/co.

Consequently, in multi-D medium without lateral variation, if:
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1. the medium property of the first layer is (co, po),
2. the second layer is (c1, p1), and
3. the reflector depth is at z = h,
after Radon transform with constant slope p, the problem can be regarded as a 1D problem with

the apparent velocity of the first layer being 1/4/cy 2 _ p2 and the apparent velocity of the second

layer being 1/4/ 01_2 — p?. As a result, for this problem the reflection coefficient and vertical travel
time (for coincident source and receiver at depth z = 0) can be calculated as:

Il - IO -2
= = 2hy/ —p? 26
Il +IO ) T CO p ( )

where Iy = po/ —p2, L1 =p1/ — p?. It is straightforward to verify the following facts:

1. If velocity does not change across the boundary, i.e., ¢ = ¢1, we have that in Equation (26)
all terms that varies with angle are equal: (co_1 — 102)*1/2:((:1_1 — p?)~1/2. In Equation (26),
they perfectly cancel each other in the division to calculate R. In this case, the reflection
coefficient R does not vary with angle. Our logic can easily derive one of the most important
benchmarks in M-OSRP parameter inversion.

2. Equation (26) also agrees perfectly with Equation (3.13) from Zhang (2006) The proof is as
follows: since p = sin()/co, cg 2 — p* = cg 2 cos?(f), and ¢;% — p? = ¢ [1 — (c2/ck)sin®(0)]

We have:

Loy me/y1 - (@/@)sin(0) — poeo/ cos(d)

Btdo pier/\ /1 (&/B)sin®(6) + poco/ cos(6)
(/)1/,00 (c1/co) m—\/l— (¢} /cf) sin*(6)
(or/p)(erfeo) /1 —sin?0+ /1 — (cF/cR) sin?(6)

R =

which is exactly the same as Equation (3.13) from Zhang (2006).

Consequently, in the 7 — p domain, using the incidence wave from Equation (22), the reflected data
(ignoring internal multiples) from the model above is:

D(7,p) = RiA(T — t1) + RYA(T — ),

80



Imaging M-OSRP09

where:

t1=2doy/cg 2 —p2 , to=2d1\[cg? — P2,

— PL=P0 I P2—p1 (1 _ P2
Ry = p1+p0 ’ 27 patpr (1 - Rjp).

If we define: b = 24/cy 2 _p?= 2%2(9) (the conversion scale factor from the vertical time 7 to the
pseudo-depth z), the transformed data in the pseudo-depth domain for the multiparameter inversion

framework in our group is®:

b -~
D(z,p) = —-D(2b.p) = AW (zb — 1) + RyW (2b — to)

p (28)

= RiW (b[z — do)) + RyW (b[z — di]).

Just as dicussed in Equation (78) and the paragraph immediately after, the data in 7-p domain is
stretched and squeezed by the same factor b = 2%2(9). Note that:

e Compared with the discussion after Equation (78), an extra factor pg is introduced to incor-
porate density. Another factor cos(€) is necessary because in the 7-p domain, the data satisfy

a 1D wave equation with velocity CO‘;?G).

e The strectch factor b is angle dependent; in other words, data from different angle will be
stretched by different factors and this is the reason why data from different angle have a
communication issue.

e As detailed in Equation (31), the strectch factor b does not depend on the actual velocity c,
or the location of the reflector.

e From the equation above, it is clear that both reflectors are correctly imaged to their actual
depth at dy and d;. In other words, since the reference velocity ¢o equals to the actual velocity,
there is no imaging issues and we do not need to move the reflectors any further.

If we want to remove the density contribution to the reflection coefficient as detailed in X. Li and
Weglein (2008); Li and Weglein (2010); Jiang et al. (2008); Wang et al. (2009); Liang et al. (2009),
we need to calculate the difference between data from two different incidence angles p.

8 An extra factor of —2 = —% is multiplied to tailor it to the convention of data used by Zhang (2006); Jiang

et al. (2008); X. Li and p\[;Veglein (2008); Li and Weglein (2010); Wang et al. (2009); Liang et al. (2009). Noting
that 552 is the conversion factor from the vertical time 7 to the pseudo-depth z, its reciprocal, # is naturally
multiplied to the amplitude so the total area is conserved in the conversion from 7 to pseudo-depth. The detail can
be found in Appexdix B.
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Let us first consider the ideal case with full bandwidth data where each event is of the form
W(t) = H(t). In this case, each event conserves shape after applying different stretch factors:
W(b[z—do)) = H(b[z—dpy]) = H(z—dp) and W (b[z —d;]) = H (b[z —d1]) = H (2 — dy), both
are independent of angle and consequently the data is independent of the angle p:

D (z,p) = RaW (b[z — do]) + RoW (b[z — di]) = RiH (2 — do) + RyH (2 — du).

As a result, the difference between two sets of data (from two different angles) will vanish, so does
the density contribution to the reflection coefficient. In conclusion, for ideal full bandwidth data
there is no communication issue.

In the real world, we have bandlimited data where W (t) # H(t). In this case, an event will not
conserve shape after applying different stretch factors and D (z,p) will depend on the angle p and
the difference between the data from two different angles will not vanish. How can we solve this
problem?

For simplicity, let us consider the data from two different angles, p; < pa:

D (z,p1) = RiW (b1 [z — do]) + RyW (by [z — di]), (29)
and:

D (z,p2) = RiW (ba [z — do]) + RyW (ba [z — di]), (30)
where by = 24/cy% — p?, by = 24/c 2 — p3.
It is obvious that b; > by. As a result, each packet W (b1 [z — - - -]) has a broader frequency content
than W (ba [z — - -+]), the convolution procedure to change each W (by [z —---]) to W (ba [z — - ])

(at the same pseudo depth) is stable and does not depend on the actual location of the wave packet.
After the regularization, the data in Equations (29) and (30) should be equal and we have a clean
subtraction.

This simplest multiparameter inversion problem suggests a source signature regularization procedure
described in this section to benefit the algorithms to get rid of the density contribution to reflection
coeflicients.

For a joint inversion problem with two different angles: 61 < 62, by = Cocs—gl > by = COCS—OQ. We
want a source regularization operation that will change the data in Equation (29) to the data in
Equation (30). Our idea is to change the packet W (b1[z — d]) located at the pseudodepth d to
W (b2[z — d]) at the same pseudodepth. If we define: A\ = Z—;, this can be done in the 7-domain by
converting every packet W (7 —d) in Equation (29) to W(A[T —d]). Let us look at the ratio between

these two wave packets:
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}O WAz — d])e“tdt

e l A iwd
’7((4),91,02) — > — A N(w/ ) -
[ Wi dda W) 31)
L
=W A b 5 6
:&, where : /\:—1:CO§1<1.
W (w) by cosfy

Note that in Equation (31), the contribution from the depth d cancel with each other in the division
and consequently the factor « (w, 01, 62) does not depend on the location d of the reflector. Since
W (t) is the integral of w(t), W(w) = w(w)/(iw), and factor v (w,01,62) can be further simplified
as:

Y (w, 91, 92) = = (32)

Note that the factor v (k,, 01, 62) does not depend on the subsurface geology.

3.3 Regularization of Gaussian type wavelet

a =100

242 [
an_‘”/“ a’t 2,2 - . 2/ 2
et/ (W) = —iwe™"/®

R TSNS 33)

t

_ €0P0 Copoa —a’u?/4 Copoa —a’t? /4
At) = — d du —_——
®) 2 cos(0) /w(u) v 8 cos(0)\/7 / 4cos(0)ﬁe

— 00

In this case, the wavelet can be recovered to Gaussian through a simple integration. In Equa-
tion (32), we can calculate the factor v using the frequency-domain expression of a Gaussian func-
tion:

~ — w2 /a2 w? [cos? 6,
w(w) =e€ / ) v (w791’92> = exp (_QQ |:CC)5292 — 1:|> < 1 (34)

In Equation (34), v < 1 and the source regularization procedure (multiplying « in the frequency
domain) is very stable.

As an example, let us consider the geological model listed in Table (3.3). The source wavelet is the
first derivative of Gaussian shown in Figure (1). The input data is 7p domain is shown in Figure (2).
The effects of regularization are demonstrated in Figures (3)~(5).
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Figure 1: The source signature
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Amplitude Amplitude
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Tau-p domain data with different angles before(red) and after (green) stretch

Figure 3: Regularization results: on the left is the input data in the 7-p domain. On the right is data
after regularization. The red curves signify data from zero angle and the green curves signify
data from 6 = 50°. In the 7-p domain, an event has the same width but different amplitude and
arrival time. In the pseudodepth domain, an event has the same depth but different depth.

4  Source regularization for elastic inversion

In the homogeneous or piecewise homogeneous medium, the P-wave or the S-wave equation looks
very similar to the acoustic equation. This is the reason why the acoustic results in the previous
section can be extended to PP data in the elastic model.

Just as in the acoustic case, after Radon transform the elastic data is a function of veritcal time 7.

In parameter inversion; for example, Zhang (2006); X. Li and Weglein (2008); Li and Weglein (2010);
Jiang et al. (2008); Liang et al. (2009), the seismic data was conveniently considered as a function
of (pseudo) depth. A linear transforms are used to map the seismic data in the 7 — p domain to the
seismic data conveniently used by aforementioned articles. These transform is actually the “stretch
and squeeze” discussed in Equation (78) and the paragraph immediately after.

5 The seismic imaging operator &,,,, and 7,,,

There is an integration operator for every term in the inverse scattering series. For an ISS term,
its seismic imaging operator is the integration operator used in its calculation. In the calculation
of terms of inverse scattering series, we find it is very convient to introduce the concept of a
seismic imaging operator. For velocity only inverse series with lateral variation, the seismic imaging
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Figure 4: Data from two different angles: the red curve shows data from zero angle. The green curve shows
data from 6 = 50°. It is obvious that the wave packet in the red curve are thinner than that of
green curve.
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Figure 5: The difference between data from 0° and 50°: "red" (without regularization) and "green" (with
regularization). It is obvious that: (1) the data difference does not vanish without regularization
as desired by this benchmark, (2) the benchmark is satisfied after regularization where the data
difference vanishes.
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operators® for the linear term oy and the quadratic term as along with their various derivatives,
with respect to depth, can generally be expressed as the Fourier transform of the function:

i (—i)" kY [m}mem )

where n > —1 and m are two integers'©.

Use the symbol v to denote the Fourier conjugate of k, and define two sets of operators as the
following Fourier transform:

o0

]. o . ?
(1 0) = / O T R L
) (36)
where: —oco<u,v<oo, m=0,£1,+2,--- , n=0,1,2,---
1 o0
R m . 2
(1, 0)2 5 / PR |V kT 1] VIR R g
ﬂ_oo (37)
where: —oco<v<oo,u>0,m=-1,0,1,2,--- , n=0,1,2,---
1
1 ” m .7
Yman(,0)= 5 / R N e I
-1
1 - (38)
— / (—ik.) 1—k2} e UV ITRE gmivks g
o
where: — o <v<oco,u>0,m=-1,0,1,2,--- , n=0,1,2,---

The seimic imaging operators defined in equations (36)~(38) can cover not only all the structures
in calculating oy and ag, but will also be extensively used in computing later terms such as as, ay,
. We use the superscript 8 to denote the regular part of a corresponding operator.

To be more specific, f 9. $ is used to construct the cascaded imaging operator: f 1 0, an%, §Rf§,

and 17172 are used to calculate the aog term in Equation (2.22) of Liu (2006). From Equation (60),

9A very similar definition can be found in § 7 of Liu and Weglein (2008), but we now use a totally new different
set of notations.
10We require m and n to be selected to make sure the integrand is Riemann integrable at k., = 0 and k., = £1.
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(69), and(70) it is clear that they are all composites of Bessel functions of the first kind and the
square root function.

Note that when k, varies from —oo to oo, the k2 41 term inside the square roots of the integrand in
Equation (36) is always positive and consequently this integral conatains no evanescent integrand.
On the other hand, in Equation (37) the term k2 — 1 inside the square root will be negative when
|k.| < 1 and this integral contains evanescent integrand.

Let us consider the special case where m =n = 0:

o0

1 R
R K
—00
oo
1 Vo
770,0(“77)):% / el(u <kz>2_1_vk2)dkz-
—00

Using the third property in Equation (8) after flipping the sign of k, we have:

i(u /<R >PET—v[—ks]) _ iuV/<—Ra>7E jivks _ [eiu€/<kz>2i1r [e—ivkz]*

e

_ [eiu\?/<kz>42j:1€—ivkz}* _ [ei(u$/<kz>‘2il—ykz)r

oo

&o,0(u,v) = QL / ei(um—vkz)dkz

—00
oo
_ % ei(u\?/<k:z>2+l—vk’z) +ei(u\?/<—kz>2+l—v[—kz]) dk.,
0
1 o
- / RE (uV/<k:>7H1- v’fz>] dk. is real
Vs
0
o
1 o2
molo) = 5 [ VT,
— 0o

zZ

&)
1/ i(uv/<k,>2—1— Ukz)+€1(ux/< k.>2—1—v[—kz]) dk
27

0
(o)
1 1u <k, >2—1—vk,) .
= — RE z Z]dkz is real
T
0
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Consequently, the function £y o(u,v) and ngo(u,v) are all real:

[€0,0(w, )" = &o,0(u, v),

and as a result if the signs of u and v are flipped simultaneously we have:

So0(—t, —v) = o / oV RST k) g L [ei(“m—vkz)]* dk.
' 27T 27_[_
17 B *
— % / el(um kz)dkz — [éoyo(u’ v)] — 5070(,&’ U)

Using similar argument for arbitrary m and n > —1 we have:

Eman(—u, =) = (=1)" " n(u, v). (39)

Ignoring v, , (the evanescent portion of the integral that becomes negligible even for the depth
value beyond several meters), 1, , can be expressed by 1 &n—1,m+1. The proof is as follows: if
|k.| > 1 we can change the integration variables to A\ = v/<k,>2 — 1. In this case, both k, and X
are real and the condition in Equation (9) is satisfied and consequently we have: k, = v <A>2 + 1

mon (U, V) = Y (0, v)
QL / nkn /<kz>2 _ 1i|m ei(ux?/ <kz>2717vkz)dkz
|kz|>

n . 2 A
= / im(—i)" {\'/ <A>2 4 1] )\me‘(w‘*”v<>\>2+1)7? — 1d)\

— 00

T (40)
? n—1 . 2
= / i"(=i)" [ V <A>2 + 1]( ))\m+1el(u/\7v <ASZHD) gy

=yt [yt [T ] e YT g
[Al>1

= (_1)m+n_1§n—1,m+1 (—v, —u).

UThe accuracy of the approximation improves very quickly as the value of u increases.
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Combining the relationship in Equation (39) and Equation (40) we have:

nm,n(uvv) ~ (_1)m+n_1§n—1,m+1(_va —u) = —fn_1,m+1(’l),u)- (41)

Note that in approximate relation to Equation (41) there is always a negative sign.

In other words, the seismic imaging operator &, ,, that has no evanescent integrand that can be well
approximated by a seismic imaging operator 7,,—1,,+1 that contains the evanescent integrand. The
approximation can be summarized as follows, for v > 0:

_1\ym+n—1 oy
et 0) { (1) Mn—1,mt1 (=0, —u) I£(v < 0),
Nn—1,m-+1(v, u) If(v > 0). 42
_ { 0 If(v < 0),
—Nn—1,m+1(v, u) If(v > 0).
The corresponding exact relation is:
Emn(u,v) = { (_1)m+n_1 [nn—17m+1(—v, —u) — ¢n—1,m+1(—v, —u)] If(v <0),
mn (U, —Mn—1,m41(V, %) + Vn—1my1(v, ) If(v > 0). 3)
_ { (=)™ "9y 1 g1 (—v, —u) I£(v < 0),
—Tn—1,m+1(0, 1) + Yn-1m41(v,w) If(v = 0).

5.1 Well-defined discontinuities

As detailed in Liu and Weglein (2008), after expanding the integrand in an infitine series in terms
of various powers k,:

@R [m}mem[m%} _ Z a;(u) (k) (44)

where each coefficient is written as a;(u) since it is a function of u the seismic imaging operators
Em,n and 1y, , contains two portions:

1. The linear combinations of the following well-understood Dirac d-functions:
m+n

Z aj(u)(;(j)(u—v)

=0
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2. A rapidly varying function with well-defined discontinuity at v = v. In this article, it will be
denoted by adding a superscript B8 to the corresponding operator.

i<n+m

Emn(u,0) = D aj(Wd™ I (u—v) + R (u,0),
7=0
I<n+m

(0, 0) = Y aj ()" (w— v) + n o8 (u,v),
7=0

where in the right-hand side of the Equation (45) the coefficients a; are all functions of u, and are
speciﬁc to each &y, OF Ny . The first part is the linear combination of 6(u—v), ¢'(u—wv), 8" (u—v),

, the second part is a Riemann integral which is finite at every depth and denoted as'? fReg (u,v)
and n,%,n (u,v) can be calculated via:
R Lo [k (YR ST e VRS T vk
eg _ m+n o 4
m,n (U, U) o / _ E aj(u)(ik,z)]el(ufv)kz dkz? ( 6)
—00 3:0
and
n L [ ke [VRRSTR ) YRR )
eg - mtn .
Mgy (U, V) o / Z aj(u )(ikz)Jel(u—v)kz dk:;, (47)
—00 j=0

Although the functions fm 8 (u, v) and g (u,v) are finite, they are also discontinuous when u = v
which is the unique location where the §- functlon becomes active.

Since we have covered the d-function produced by (ik,)?, (ik.)!, (ik.)?, - - -, it is natural to look at the
highest power among the remaining expansion: (ik,)~!. Indeed this term produces discontinuities;
however, the proof is as follows for an arbitrarily chosen number = > 1, the integral below:

k= |22

12Dye to the fact that it is the regularized portion of the original integral, it is denoted with a superscript ®°8.
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is an odd function of (u —v). We only need to study its behavior for positive (u —v) to understand
its properties in the entire space. If we assume u — v > 0 and change the integration variable to

yékz % (u — v). The expression above reduces to the sine integral defined in Equation (5.2.1) of
Abramowitz and Stegun (1965):

/sm[(u—v)kz] dk, = 2 sin [y]d
k-
= (u—v)E
(u—v)= . [ ]
T sinly _ T o=
=2 5 / ” dy 2% (2 Si([u v}._)>
0

Obviously, according to Figure (5.6) from Abramowitz and Stegun (1965) we have:

lim Si(ju—v]E)=0 (For any finite E).
(u—v)—0*t

Consequently,

2 % (g - O) =T (For any finite 2).

(o.9] . k
lim / wdkz
(u—v)—0*t
The function converges to 7 from the right (u—v = 0%). Since the function above is an odd function
of (u —v) it will converge to —m from the left (v —v =07):

lim sin [(u — v)k.]
(u—v)—0~ k.

=
(=

dk, = —2 (g - O) = -7 (For any finite E).

Since this expansion converges to different limits from the left and right, it is discontinuous when
w—v = 0. This is the only discontinuity in the entire expansion'®. Note that if we change the
value of E, the size of the discontinuity will not change since it is not a function of E. This
independency with E is reasonable since E is only artificially chosen and should not affect the size
of the discontinuities. In summary, the discontinuity at u = v is:

lm R (u,0)— lim R (u,0) = a () T

=a_ 4
u=v+0 u=v+0~ 2T “ 1(u) ( 8)

3The integral in the finite range f dk. will be continuous. Also, the [ dk. integral for (ik.)™>, (ik.)™3, ---
-E [kz|>

m

are all well-defined exponential integrals and will all be continuous.
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Note that in Equation (48), a_1(u) is the coefficients of k! in the expansion of

i™ (1) kD [m}m Jiul YRS TE k]

at the point k, = 4+00; hence, a_; will be a polynomial of u. At the diagonal where the mountain-
top expansion happens we have ¥ = v = v. Consequently, we can simply rewrite it as a function of
7, l.e., a_1(F).

5.2 Properties of the seismic imaging operator and its impact on the structure
of our imaging algorithm

1. Well-defined discontinuity.

As demonstrated in §5.1, the functions &, , and 7, are discontinuous. This discontinuity
always happens at u = v where the Dirac § function becomes active and this discontinuity
can be derived by simply collecting the highest power (ik,)~!, which is the final result that is
listed in Equation (48).

2. Flat ocean half, rapidly varying mountain half, and easily predicted beachhead and moun-
taintop.

The distribution &, behaves very differently in the region where u < v and the region
u > v. We call the first region “ocean half” because with the increase of u and v, our
distribution becomes more flat and smooth and much closer to zero. We call the second
region the “mountain half” because the distribution shows more and more rapid oscillations
for greater u and v. For a fixed u, the most rapid variation always occurs at the limit v = w.
We define the “beachhead” and “mountaintop” in the (u,v) plane as the lines that satisfy
u=1v+0" and u = v + 07 because the beachhead is as flat and smooth as the ocean half.
For large u, we can safely predict the value at this location as 0 (to be exact, the prediction
error will decrease exponentially with the increase of u). Consequently, we can predict the
mountaintop using the well-defined discontinuity in Equation (48).

On the other hand, the distribution 7,,, also behaves very different in the region where u > v
and the region u < v. We call the first region “ocean half” because with the increase of u
and v, our distribution completely vanishes to become zero. We call the second region the
“mountain half” because the distribution shows more and more rapid oscillations with increase
in u and v. For a fixed u, the most rapid variation always occurs at the limit v = u.

We define the “beachhead” and “mountaintop” in the (u,v) plane as the lines that satisfy
u=v+ 0" and u = v + 0~ because the beachhead is constantly zero. For any u, we can
safely predict the value at this location as exactly being 0. Consequently, we can predict the
mountaintop using the well-defined discontinuity in Equation (48).

3. Infinite expansion at the discontinuity.
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Although 559;? and 175?,? are highly transcendental functions with daunting complexities far
beyond the functions well-studied in the literature, their behavior at the diagonal region u = v
is highly predictable and the greater the u, the better the predictability.

A Taylor expansion of a 2D function gives:

flu,v) = f(up,v0) + Zjl [(;uAu + ;}Av> f(u,v)] ) (49)
j=1

u=ug, V=10

In our case for an arbitrary location (u,v), the closest location with good approximation'*

. e . Gy JA .
of f (and its derivatives) happens at the beachhead location (#,#) where F=%t". Using

Equation (49), we have the closest point to start the expansion: wy = vg = 7 = “T‘H’,
4 A . .
Ay = Av = %“5” = % where a=%5". We have the mountaintop expansion; for exam-

ple, {_22(u,v) is essentially the seismic imaging operator v; that is used to calculate a; and
it can be very accurately approximated by the following expansion:

o — (el e (B3x Lt gy Lo (2 e L)
&—2,2(u,v) = d(u — ) 2(7”)—&-2\/5 <3 27‘>a 4(2r lzr)a +4ﬂ <3 1" 144r>a
1(1, 1.5 1 s\es. 1 (1 1.5 1 .4 1 6\.s
8<6T 18" 2880T)“ WG (30 60" 960" 86400T>a (50)

,i Lf,% 1 3 1 #5 1 77 g8
16 \ 180 1080 28800 3628800

N 1 1 72 7 70 7 o7
162 \ 1260 2520 30240 1209600 203212800

1 ( 7 7 7 77 79 )dg
32 \ 10080 ' 60480 1209600 67737600 14631321600
1 1 72 i 7 78 710
+32\/5 (90720 181440 ' 2177280 ' 65318400 4877107200 1316818944000)
1 7v. %3 7%5 7%7 ,FQ 7v_11 10
T 64 (907200 5443200 108864000 4572288000 438939648000 144850083840000)

0 (51)

4

First, let us look at the highest-order term (in terms of ') in each expansion.The ratio between
the coefficients of consecutive terms are: 2=1 x 2, 6=2 x 3, 12=3 x 4, 20=4 x 5, 30=5 x 6,
42=6 x 7, 56=T7 x 8, 72=8 x 9, 90=9 x 10, 110=10 x 11, ---.

Collecting the highest power in each term, we can guess the following closed-form:

“The approximation is reached by three steps: (1) approximate the beachhead value of f(¥,7#) as zero, (2) cal-
culate the discontinuity by Equation (48) and, (3) add the discontinuity to the beachhead value to get the value of
mountaintop.
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l\D\H

g ) ( (52)

It is obvious that the second highest term in each expansion follows the same ratio rule. We
can also similarly guess the closed-form for the second highest term:

uv

Z ; (53)

9th

The partial derivatives of 71 taken to 69**-order derivatives results in the following pattern:

o <[4 ey (t=0)
Cap(u,v) — d(u—v) =~ gupti=2e, j,(—j_)l; (£ =1)
—0 = (—1)4
o= (2 +1—-2¢)! (E > 1) (54)
o0 (—a)" <[] yrti—2¢ 1 (L= O)
R i ey A
=0 ’ =0 ’ 4 (f > 1)
where 7 = “T“ and a = “57, v is the power of a, £ is index of diagonal (£ = 0 corresponding to the

uppermost diagonal). Equation (54) is an expansion according to 1, the coefficient for each power
a* by itself is a finite sum over the powers of 7. If we define 3 =1+ 1 — 2¢ which is the power of 7.

Jj=1+1-20 = 1=20—-14+)7 = 1e€{y—1,7+1,7+3,---}
For all 3 > 1, we have ) — 1 = |7 — 1| which is positive and is a legitimate power for a. For the only

special case of ) =0, y—1 = —1 is not a legitimate power for @ and its minimal value should be the
next odd integer 1. In conclusion, we have:

1> |7—1]. (55)

With index range determined in Equation (55), the expansion in Equation (54) can be written
according to 77 as follows:

E-22(u,v) = 6(u — ) + €858 (u,v)

0 1+=2 o 1 (Z =7— 1)
N a'(—r)? (56)
~d(u—wv)— H(a) E (z") 3 (=341 .
=0 \1>|y—1]| - 4 (t>9+1)
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Equation (56) can be used to prove the absolute convergence of the expansion,

o [ =2 | o 1 (=3-1)

at(—r

S X s 0=y

7=0 \u>|)—1| - 4 (>39+1)

0 1+=2 A&t 00 1+=2 v g 1+=2 PD (57)
2| X <4 | X A X ou
- 11! - 19! | |

=0 \ezppo1) =0 \ezl—1%2 7 =0 T izt
=4 Z —~ sinh?) (&) = 4 sinh(a + #)

7!
7=0

The absolute convergence of Equation (57) guarantees that this series converges to a unique value
regardless whatever sequence it is summed.

2
Due to the fact that 7a = “22”2 = <V“22_”2> :

s\ 21 5 s\ 21 )
u? —wv u® —w
) = (—1) | Y——— — = (-1 —— . 58
<><><2> UZ_U2<><2>M (58)
We can also expand using ¢ as the outmost index:
[e9) gy 00 gy —9¢
g~ (—ar)" 0201 (—ar)+i—2
(3a — ) E - — 4 E a -
| | | — |
g (24 1)! o oyt (e +1—20)! (59)

Using the relation in Equation (58), the first term in Equation (59) can be expressed as Bessel
function of the first kind:

20+1
s (R ey (=
GM_T)Z%Z!(Z—}—I)' B ( _\/;) — e+ 1)!

(60)

Similarly, the second term in Equation (59) can also be expressed as Bessel functions:
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00 a7 H—l 20 00 00 u2 B U2)/4]£

z:: ; 1—1—1—22 ;:: ;: 5'5-1—26—1)

S | NV 2 R N S G | T e S 2]
_4Za Z 00+ 20— 1)! 4;<> > A

o0

:42 <\/%>2£_1 Jor—1 ( u? — v2> 7
=2

where in the last step of the equation above, we use the Taylor expansion of Joy_ 1, i.e, Equa-
tion (9.1.10) in P3gp of Abramowitz and Stegun (1965).
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6 The seismic imaging operator for o

In the (K, 2) domain with the constraint of kj, = p, = 0, a1 can be expressed as'®:

o0

~ 8 ~ 22"\
Oél(km,Z) = - D <kma Z> VI(kmyzaZ/)dZ,;
co co
—00
~ 1 i(2/ /K2 k2, —zk=)
where : i(km,z,2) = — / dky——2——\(FVkZ+kh—zhz)
" 27?_oo “k2 4+ K2 (61)
o0 o0
and : ﬁ(k‘m, T) = / dzme” hmzm / dxp D (:Jcm + J;—h,xm — %,T) .
— o —00

Note that:

1. Although 7; has three arguments it can be expressed by the distribution {_s » which has only
two degrees of freedom.

2. Due to the fact that in seismic exploration both z and 2’ can reach several kilometers, the
seismic imaging algorithm in Equation (61) needs the value of the distribution {5 at very
large depths.

3. For a fixed k,,, the larger the depth the bigger the argument required in {_» .
4. For a fixed pair of depths (z,2’), the higher the k,, (horizontal wavenumber) the more de-

manding the algorithm becomes in terms of information from {_2 .

In Equation (61), D is the original data in the space and time domain: D = D(zg,zs,t), and
D(ky,, 7) is the data after Radon transform in a CMP gather with p, = 0. Changing the integration

. A . . .. . ~
variable to K=k, /k,, and using Equation (36), the distribution 7; can be further expressed as:

5This equation is the same as Equation (2.22) of Liu (2006).
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[e.e]

~ 1 kg i Z/ k2+k2 —Zkz
Vl(kmazvz/) = % / dkzme( m )

—0o0

|kom| Ji K2 i (hm s R Tl 2) /
_ i(kmz' VK maK) — | 1€ k2, km
o R © (kml§—2,2(km2", km2) (62)

= |km|§,272(\km|z', |km|2)
= |kl [5(|km![2/ — 2)) + €258 (|kml7, [km| 2)
= 0(2' = 2) + |k €258 (k] 2/, k] 2)

Substituting the ¥, expression in Equation (62) into Equation (61) we have:

- 2
i1 2) = — 2D (km Z)

Co Co
00 63)
8 ~ 27 (
S I G L (A
0 o
In this article, the cascaded modification to ¥; used prior to HOIS is:
o / . / Reg ! /
Vi(km, 2’ 2) = 0(2" = 2) + [km|€ 555 ([km |2, [km|2) + [km| f (|Eml2", [Fm|2), (64)

where the operator f is the cascaded application of the previously defined operator §_R§ S, the portion
of the o imaging operator that vanishes for Earth without lateral variation:

f(2) = / EREE (2! u)eRE (u, 2)du (65)

The cascaded modification to 1 (kn,, 2/, z) has the following features:

e The modification is entirely invisible to Earth without lateral variation and its effects will be
less significant for models with less lateral variations. Its contribution is significant for models
with rapid lateral variations.
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e Since the cascaded application of several linear operators is still linear'®, the cascaded operator
is linear in terms of measured data. In the hierarchy of the inverse series, it is of the order
of a;. We think this is the reason why the result is compatible with the current closed-form
solutions that formulated from the linear image aq, i.e., LOIS and HOIS.

e Due to the similarity between the seismic imaging operator to calculate ais3 and the operator
used in the cascaded scheme: they are all Bessel functions composite with the square root
function. This cascaded term seems have extracted some benefits from asg3 term detailed in
Equation (2.27) of Liu (2006).

o It is very likely that a better modification based on the relationship in the inverse series will
give further improvement for imaging through rapid lateral variations.

The cascaded linear image is:

8 ~ 2z
~cascaded - —— =D T, —
af (km, 2) « (k ,CO>
8 T~ 27 o
S | D(km) ER9E (. e 2)
Co €o
o0 66)
8 ~ 27/ (
Sl | D(km) F (ol Eim]2)
Co €o
N 8 T 95
=) = S bl [ D (b 22 ) £l )

'6Tn terms of ordinary functions, it can be understood as follows: the composite of two linear functions are linear;
for example, the composite of y = f(u) =5u+ 7 and u = g(z) = 3z + 5 is f(g(x)) =53z +5)+7 = 15z + 32, a
linear function in terms of x.
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7 The Seismic imaging operator for a,

In 2D, as can be rewritten in the (k,,, z) domain as'’:

az(km, = / dk;, / dz' a1 (0.5ky, — k., 2") / dz" a1 0.5k, + k., 2")
o0 (67)
B o o
Y2 <km7 k;na Z— 92 ’ 92 > .

In Equation (67), the function 75 is defined with the sign convention for square-root specified in
Equation (7):

1 2
?2 (kmvk;nag[)asl) = H(61) / dk lk‘ + km 1(61u1 aokz)’
2m u1 (68)

—00

where : wuy = v/<k,>2+4 k2, — 4k2.

Given that k, ranges from —oo to oo, the square root in Equation (68) will have very different
behavior if the sign of k2, — 4k/? is different. If k2, — 4k/2 > 0, the quantity k2 + k2, — 4k/2 which
is inside the square root will always be positive for every k, € (—oc, 00); otherwise, k2 + k2, — 4k/?
will be negative for small k.

1. First case: k2,—4k> > 0, we define a—\/k:2 — 4k”2 and consequently uy = \/kZ + k2, — 4k/2 =
k2 + a?. Changing the integration variable to /ﬁgk‘z/a and using the function defined in
Equation (36) we can convert Equation (68) to:

2 2 )
(kmak 780751) 61 dk 1 k + k (81 v <kz>2+(12—80kz)
" V<k,>2+a? 2

(e o] o0

a2 k2ei(aer V<r>2F1—asgoks) k2 ellae V<w>2+1—agok:)
— % H(ey) / i +Em e / dri
27 /<k>Z4+1 27
— 00 —00

:a2H(51)§_1,2(a51, agp) — kZ@H(al)f_l,o(ael, ago)
~— aQH(El)nLo(an, agy) + kng(sl)n_Lo(aao, agy)

(69)

V<rk>24+1

1"Note that in Equation (68), this definition of 72 is the same as that of Equation (36) in Liu and Weglein (2008),
but different from the 5 of Equation (A.29) in Liu (2006), they differ by 5-. Currently we feel it is better to put
the ﬁ factor in the definition of 72 since it belongs to the inverse Fourier transform over k.. In Equation (67), the
upper limit of the dz” integral is changed to be z’, which will introduce another factor of 2.
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In the last step of the derivation above, we use the approximation relation in Equation (41).

2. Second case: k2,—4k/2 < 0, we define aé\/élk;% — k2, and consequently u1 = \/k2 + k2, — 4k2 =

v/<k,>2? — a?. Note that in this case, k? — a?® will change sign as k, varies from —oo to co.

Changing the integration variable to K=k, /a and using the function relation in Equation (37),
this integral can be expressed as:

o0
2, 1.2 )
o = LH(El) dkziMGi(El V<k,>2—aZ—eokz)
21 V<k,>2—a?

—00

a? Hier) 7 " k2ei(ac V<k>Z—1—agok) k?nH( ) / i eilas V<r>2—1—asok)
=5 e k1 7 + - Hf(e ki -
o V1 V<r>2-1 or V<r>2—-1 (70)
- |k|>1
a2 o0 (iK)Qei(aq V<r>2—1—acok) k2 oo pilast V<r>2—1—acok)
=—H(e1) / dr — — ™ H(ey) / dk——
2 ivV<k>2 -1 2r iV<rsZ_1
o o8

:azH(sl)n_Lg (ae1,aegp) — kf%%H(El)?]_l’() (ae1,agq)

For the regular portion of s, the calculation scheme is as follows:

R Y %
—871_2/dklelhx/dk261kzx/dzl&1<k1,2'1+2)/dZQ&l(k2722—|—z)

Sgn(klkg)H<k1k2Z1)H(Z’1 — ZQ)H(—Zl — 22)

X [ (k1) (ik2)] 2 [21 22]™ (71)
2(22 + Zg)mzz:o [ (kl)gan?z]HQ)![ 1 20]
+ [(ik1)? + (ik2)?] 3 W
m=0 :

8 Numerical examples for cascaded imaging operators

In this section we present the numerical examples of the three geological models with rapid lateral
variation and big velocity contrast:

e The sphere model.
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Figure 6: The linear image oy for the sphere model (i.e., without cascaded operation). Although the top
of the sphere is correctly imaged, the bottom of the sphere is too narrow compared with the
benchmark.

e The fault model.

e The salt model.

In all the images in this section:

e The red lines are benchmarks indicating the correct spatial location of the subsurface reflectors.

e The partial derivatives over z is taken to better show the locations of the reflectors.
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Figure 7: The cascaded image a$25°2%°? of the sphere model. The cascaded operation extends the image of
the sphere bottom laterally to its full geological extent.
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Figure 8: The sphere model, the HOIS image without cascaded operation.
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Figure 9: The sphere model, the HOIS with cascaded operation. The lateral location of the bottom of the
sphere is much improved.
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Figure 10: The linear image a; of the fault mode (without cascaded operation).
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Figure 11: The cascaded image a§25°2%°¢ of the fault model.
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Figure 12: The fault model, the HOIS image without cascaded operation.

Lateral Coordinate (m)
-2500 -2000 -1500 -1000 -500 0 500 1000 1500 2000

500

Figure 13: The fault model, the HOIS image with cascaded operation. Both the lateral and vertical location
of the fault is much improved.
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Figure 14: The linear image o for the salt model (without ascaded operation).
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Figure 15: The cascaded image a$25°2%? for the salt model. The image of the subsalt reflector becomes
clearer.
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Figure 16: The salt model, the HOIS image without cascaded operation.

9 Conclusions and discussions

Towards more realism to accomodate the multiparameter nature of the Earth, a stable and velocity
independent regularization algorithm is developed to harmonize the communication between ban-
dlimited seismic data from different angles, a crucial step towards the goal of excluding the density
contribution to the reflection coefficients. To address the multidimensional nature of the Earth with
rapid lateral variation, accurate calculation of the seismic imaging operators for a laterally varying
Earth has been developed for a; and a9 and their relationship studied. The cascaded application of
the « imaging operator had been studied and demonstrated to provide added value for geological
models with rapid lateration variations.
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Figure 17: The salt model, the HOIS image without cascaded operation. The subsalt reflector is imaged
to its correct location as indicated by the benchmark.
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10 Appendix A: Some basic notations and conventions of Radon transform

Radon transform, or slant stacking, is commonly called 7 — p transform in seismic exploration where
7 is the vertical time and p is the slope. The Radon transform of a function f(x,t) into (7, p) domain,
denoted as F(7,p), is:

F(r,p) = / f(x, 7+ px)dx. (72)

Note that for p # 0, 7 + px may occur somewhere in between the original sampling grids. In other
words, interpolation between grids may become necessary. This interpolation can be done via Fast
Fourier transform:

flz, 7+ pzx) = 217T / f T, w)e (T4p2) gy where f(fﬁ;w) = / fla,t)e. (73)

Consequently, the Radon transform in Equation (72) can be written as:

F(r,p) /fxT-i—px / W/dxfxw ~lwpz (74)

o ~ .
Note that the last in Equation (74) is actually a Fourier transform over z: [ dxf(z,w)e ** in the
—00
frequency domain where the wavenumber k£ is set to be proportional to the frequency, k = wp.

If in Equation (74) the last integral is denoted as f D, w f dxf r,w)e”“P? the Radon transform

can be implemented as:

F(r,p) /fx7'+px 2/ _‘W/dxfzw —lwpz
/f:CTﬂ?x / ‘“”fp,

Note that in Equation (75), if p is fixed, the last integral is an inverse Fourier transform from w to
the vertical time 7 domain.
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11 Appendix B: The seismic data in pseudo-depth domain

In this appendix, we present our best understanding of the seismic data in inverse scattering series
parameter inversion, i.e., the data described by Zhang (2006); Jiang et al. (2008); X. Li and Weglein
(2008); Li and Weglein (2010); Wang et al. (2009); Liang et al. (2009).

For simplicity, let’s consider a 1D case where the recorded data is a function of time d(¢)'®, but the
data used in Zhang (2006); Jiang et al. (2008); X. Li and Weglein (2008); Li and Weglein (2010);
Wang et al. (2009); Liang et al. (2009) are all a function of depth D(2)!?. How are they connected?

First of all, an event in the time domain, its arrival time; for example, ¢ is converted to pseudo
depth z = 9 where ¢ is the reference velocity. This can be achieved by letting them be equal in

the Fourier domain D(k.) = D(2w/cy) = d(w), where their definition in the Fourier domain are:

o0

d(w) = / dtetd(1), (76)
and
D(k,) = / dze***D(z). (77)

Consequently, D(z) can be linked to d(t) as follows z = ¢t /2, t = 2z /co:

1T . e _
D(z) = o dk.e”"**D(k,) = o / eT12w/0)2 D (2w /eq)d(2w /o)
21 [ _ - 21 [ - (78)
_ 4 = iw(2z/co) _ 4 = iw(2z/co)
g e D(2w/cp)dw g e d(w)dw
2
= —d(2z/cp)
co

From Equation (78), the data in the depth domain can be obtained from data in the time domain
by stretching the argument by a factor % and squeezed by its reciprocal % Consequently, the total

area remain the same: [ d(t)dt = [ D(z)dz.

18We used the lower-case d to denote data in the time domain.
19We use the upper-case D to denote data in depth.
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12 Appendix C: General relation of 7, ,(u,v)

This section contains analytic results of n_10, 7—12 and 71 ¢ obtained by mountain top expansion.
Foru >0, —oc0 < v < o0:

1 o ei[u\"?/<kz>2717vkz]
—— [ ak
-1, v) = o N

= —H(v—u)Jo( v? —uz)

—00 . (79)
> 1 u? — 2\
= =0 > i ( - )
1 00 (_ikz)zei[u?/<kz>2—1—vkz] 8277_10(u 1})
77—12(%11):/6”62 — = ——
’ 2w iv<k,>2 -1 ov
:—5'(U—u)+%5(v—u)
(80)

— H(v—u)

4 mi(m+2) 2
m

w2 + 02 = [(u? —v2) /4™ 1 = [(u? — v?) /4™
il o )/4] sl >/}]

m=0

1 00 ) . 82 B ,
mo(u,v) = o / dk., [i\‘/ <k,>2 — 1} iluV<h > 1—vk:] _ Y N-101, V) 535“ v)

:—6/(v—u)+g(5(v—u)

U2 + 02 S [(u?2 — o) /4™ 1SN [(u? — v?) /4™
+ ZK )/4] Z[( >/}]

! !
ml(m + 2)! 2

(81)
— H(v—u)
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Note: A derivation of the HOIS closed form

7. Wang, A. B. Weglein and F. Liu

Abstract

The high order imaging subseries closed form (HOIS, Liu (2006)) is a critical advancement
for imaging using inverse scattering series (ISS) (Weglein et al., 2002) from the leading order
imaging subseries closed form (LOIS, Shaw et al. (2004)). It not only captures more terms than
the LOIS closed form, but also avoids the misusing of the deeper events for the location of the
shallow ones (Zhang et al. (2006)). However, the HOIS closed form is mainly a conjecture from
intuition and there is no clear derivation. It is hard to go further from HOIS closed form for 1D
medium to more general cases, e.g., medium with lateral variations or acoustic/elastic medium
with not only velocity variations. In this note, we show a clear derivation of the HOIS closed

form, which proves this conjecture and provides a method for future research.

1 Introduction

Conventional imaging algorithms use the velocity underneath to do imaging, which is a big challenge
especially when the medium is complex. The inverse scattering series aims to perform imaging
without the subsurface information. In an Earth model that only allows variations in velocity, two
different inverse scattering imaging subseries with different degrees of imaging capture and capability
closed forms have been identified and tested in M-OSRP: LOIS in Shaw et al. (2004) with a detail

derivation: L
o185 (2) = oy <z — 2/ al(u)du> (1)

and HOIS in Liu (2006) without a derivation, and mainly conjectured from the intuition:

oHOLS <z + % /_ OO du%) — o (2). @)

The HOIS closed form not only captures more terms in ISS than LOIS, it also avoids the misusing
of the deeper events for the shift of the shallow ones (Zhang et al. (2006)) which can be explained
as following:

(1). In LOIS, the value of o215 at depth z equals the value of o at depth z— % f_zoo ai(u)du = z,

if z > z; which often is true, % f_zoo a1 (u)du means it needs to use events from —oo to z (deeper
than z;) to help the location of event at z; (shown in the left panel of Fig. 1);
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Figure 1: A schematic of the relationships between the locations of an event and the events used to do the
shift in LOIS (left panel) and HOIS (right panel).

(2). While for the HOIS, the value of o715 at depth z = z, + %fféo du#% equals the
value of aq at depth zj, so it uses events from —oo to z;, to help the location of event at z
(shown in the right panel of Fig. 1).

In this note, we derived the HOIS closed form in two steps: the first step, by capturing more terms
than LOIS, we derived the Shifted LOIS closed form (SLOIS) (Zhang et al. (2006)):

SLOIS <Z 1 / ) al(u)du) — a1 (2); (3)

2 —00

The second step was deriving HOIS.

2 Review of deriving the LOIS closed form

In Shaw et al. (2004), aa(2) and as(z) for the 1D constant density variable velocity acoustic medium
were calculated:

o) = <a§(z)+ [W] /_ i al(u)du> (4)

[e.9]

as(z) = %ai’(z)—i—%al(z) {daéﬁ] ( / ’ al(u)du>

2230 ([ )
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A8 (] o)
/ / [do‘l }{daéiv)}al(u%—v—z)dudv (5)

The leading-order terms were taken out and the LOIS closed form was derived:

aLOIS(2) — ay(z) - ! |:d041( )] (/z (u)du)
[T ([ ) -
(2

3 )1 )
|

n=0

1 4
= o <z—2/ aq(u)du

Here the n'” term comes from the n!* order term a,(z).

3 Derivation of the Shifted LOIS closed form

Next, we will show the derivation of SLOIS:

SLO1S <z + % / ) ozl(u)du> — ai(2). (7)

—00

If expanding L.H.S. of Equation 7 in the same way as for the LOIS closed form, we will get:

a(z) = ool <z+; / zooozl(u)du>
- 3 (o) [P G o)

Z;OOIS +Z< 1/2)" ) [dn[al(z)JraQ(dZ)nJr 043(Z)+"'q (/Z al(u)du)n (8)

n=1
This gives us an indication that maybe we should keep the terms with the derivative of a;(i > 2),
instead of expanding it into 1. For example, the equation for aj is:

Go]{?gagGo = —GokgagGngOqGo - nggangkgagGo - GokgalGokgalGokgalGo, (10)
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and separate it into parts a3y, ags and ass, which are:
Gokg(az1 + as2)Go = —GokjaaGokjar Go — Gokja GokdasGo, (11)

GokgOéggGo = —GokgangkgangkgalGo. (12)

The parts with €% (5 > 2) are ag + as32, which has the solution:
p dz

asy + aze = —ay(2)az(2) — % [dal(z)] /Z as(u)du — % [dajiz)] /z ar(uw)du.  (13)

dz —00 —00

Expand a9 into oy except 422 and then a3 will become:
p Pt 7,

043(2’) = 31 + a3z + a3z

_ %of;’(z)—% {dajiz)] / ;al(u)du
] ([ o) 5[] ([ ettom)

1
8
16/z /_z {do;(bu)] [do;fv)] o (a0 — 2)dud 14

[e.9]

Do the same for the i* order term:
Gok%(aﬂ + aig)Go = —GokgalGokgai_lGo — Gokgai_lGokgalGo. (15)

In the solution:

oaﬂ(z)—l—ozig(z):—al(z)ozi_l(z)—% {dal(z)] / ’ ai_l(u)du—% [do‘;(z)] / " o (u)du, (16)

dz oo

dal 1

, not expanding it into a;(z).

4[] [

are similar to the second order term in LOIS and if summing them up, we can get:

L[S i - AT
_% {dfgq / an(w)du (17)

—00

keep

The terms:

Do the same for the other terms in the LOIS:
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For nth term (12" | de1(z) JZ ar(u)du " (n>1) in LOIS 1 ti following:
nl d oo 1 > , we solve equations as following:

GokglamlpartGo = = Gok§©1Go -+ kgOn1Go  (m >n+1) (18)

Here, in 61,03, - , 05,41, only one of them equals o, —,, and the others are all a;. The ) is summing
over all the different combinations and [y ]per+ means it is a part of a,,. Then summing up the

following terms:
_@2)n [dngiz)} </ al(u)du>” (i=m—n>1)

n! oo

over all m (which is the same as summing over 7):

S]] ) - -2 50  m

i=1 —o0 —0o0

O[] ([ ) o

—00

It is the n'"-order term in SLOIS and is from summing over the terms similar to n"-order term in

LOIS. So the SLOIS is:

QOIS (1) = ay(z) _% [d(ji(zz)} (/z al(u)du>

—0o0

- [di‘zf)} (/;al(u)du)2—~- (20)

Notice that, different from the LOIS, the n!’-order term of SLOIS «a5%OTS is contributed by not
only a;, but also terms «a,,(m > n).

The terms, except the leading-order, would contribute to the oSLOTS (2)

others and just keep the leading-order terms in « on the right hand side:

aSLOIS () = a(z) _% [(MSL;;S(Z)] (/_; al(u)du>

_é [d%‘z?g(z)} (/ al(u)du>2—~- (21)

on(z) = aSLOfS(z)H[dO‘SLO]S(Z)} ( / ) al(u)du>

, s0 we would remove the

2 dz

A (] o]+
S () (] i)

n=0 -
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oSLOIS <Z + % /Z al(u)du> (22)

—0o0

This is the SLOIS closed form. As we mentioned in the beginning, it avoids the misuse of the deeper
events for the location of the shallow ones.

4 Derivation of the HOIS closed form

Next, we will derive the HOIS closed form:

JHOIS (Z + % / dul_(‘)g(ggl(m> — a(2). (23)

o0

In the previous section, we have already shown that if we keep all the terms with ddog (i > 2), then
the expressions for ag and ag are:

an(z) = —% <a%(z)+ [do;z(z)} /_ ’ al(u)du> (24)

o0

aie) = ppate) -3 | o] [ e

dz oo

AL (o) =3 [45E) ([otom)

_116/_2 2 {dm(u)] [dm(v)] a1 (1 + v — 2)dudv (25)

oJooo | du dv

For as, the first term is inversion-only and the fifth term is for the multiple. The second and third
terms are for imaging and have already been included in the SLOIS closed form. Now we consider
the fourth term the same as we have shown before. Regarding the differential part, there will be
higher terms to compute a; to « in the derivative part, that is:

[ (] toe)

which and the second term in LOIS:
1 [da(z)] [?
_5 |: Iz :| /_ al(u)du

[e.9]

are the first two terms of:

—% [d‘;(j)} /_OO dul_(‘;lz(;gl(m _ —% [di‘l(j)] / duan (u) <1+ia1(u)+116a%(u)+--->

—00

We can imagine that the higher order terms here would be provided by the higher terms a4, a5 - - .
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Then we get the HOIS:

aHOIS(Z) — Oél(Z)

3] [ e
‘;[dz‘;ﬁz)](/_;dul_(%%f‘“ (26)

HO[S(Z)

The same as the LOIS closed form, terms except the higher-order would contribute to the «
keep higher-order terms in « on the right-hand side:

b

1 [datiO15(z)] [ o u)
aHOTS () 4 B {dz] /oo dum

[P ([ o )
- S [P (] i)

_ o1 (+; /- dul_g‘g@) (28)

This is the HOIS closed form we are trying to get.

5 Discussions and conclusions

In this note, a clear derivation of the HOIS closed form is given. It proves the correctness of the
HOIS closed form and provides a tool for further captures in the case of a medium with lateral
variations or multi-parameters. Wang et al. (2009) used a similar analysis for the two-parameter
acoustic medium and captured more terms beyond the conjecture.
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Note: Evaluations of the HOIS closed form and its two variations

Z. Wang, A. B. Weglein., and F. Liu

Abstract

For any imaging algorithm it is important to know the following properties:
1. Assumptions: Can we use the algorithm to solve our problem?
2. Efficiency: How much does the algorithm cost if we use it?
3. Performance: How good is the result?

For people developing algorithms, they design new algorithms or improve existing algorithms by
removing the assumptions or revising the preprocessing to satisfy the assumptions, enhancing
the efficiency, or improving the performance. For people utilizing algorithms, they decide which
algorithm to use by comparing these properties with the problems they are trying to solve, the
resources they have, and the aims they are trying to achieve.

Higher-order imaging subseries (HOIS, Liu et al. (2005)), derived from inverse scattering series
(ISS), does not need the subsurface velocity and very fast (a little more than constant velocity
FK migration). In this work, we will focus on evaluating the performance of the HOIS and two
of its variations. One variation is designed for a very large contrast medium and another one
is similar to HOIS and shows up in the process of developing imaging algorithm for multip-
parameter Earth (Wang et al., 2009).

1 Introduction

For complex media, velocity analysis has difficulties and the requirement for velocity-dependent
algorithms is violated. Inverse scattering series (ISS) provides another choice: imaging without
subsurface information. There are two different imaging subseries proposed by M-OSRP for one-
parameter medium (constant density): leading-order imaging subseries (LOIS, Shaw and Weglein
(2004)) and higher-order imaging subseries(HOIS, Liu et al. (2005)). The HOIS captures more terms
than the LOIS and comparations have been made in Liu et al. (2005). But neither of them captures
all of the terms. Zhang et al. (2006) shows that HOIS is able to accurately shift the second interface
to the correct location but not the deeper interfaces. In this note, from the analytic calculation, we
gave evaluations of HOIS and its two other variation forms. One variation is designed for a very
large contrast medium and another one is similar to HOIS and shows up in the process of developing
imaging algorithm for multip-parameter Earth (Wang et al., 2009).
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Source/Receiver

3

Co,dg

c,,d;

Figure 1: A 1D four-layer model with velocities ¢y, ¢1, c2, c3 and thicknesses dy, d1, do, co.

2 The model being used

Our aim is to give clear evaluations of HOIS:

1 [* aq(u)
HOIS 1
il dy———7 ) = 1
“ ('H2/Oo “1—0.25a1(u)> o () (1)
and two other closed forms:

HHOLS 1 [* aip(u) +0.0625 ffo_oA dvay(v)a2 (v — A) B .
a z+ 5 du A = o (2);

—co 1 —0.2501(u) 4 0.015625 [°_ = dva (v)ai(v — A)[1 — (v — A)]

(2)
QHOIS () — o (z _ %/_; du%) , (3)

here A in Equation 2 is a constant ususally just choosing it as the wavelength.

A 1D four-layer constant-density acoustic model (Fig. 1) would be simple but sufficient to indi-
cate the accuracies of these algorithms. In this model, the layers have velocities cg, c1, c2, ¢35 and
thicknesses dy, dy, ds, .

Supposing that both the source and receiver are located at depth zero and if there is a spike from
the source at t = 0, some data D would be received at the receiver (just primaries):

D(t) = Ri(t —t1) + Rod(t — to) + R3d(t — t3) (4)
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where the amplitudes and arrival times have the relationship as below:

1 — Co 2 — (1 Cc3 — C2
2 = 3=
a+c’ o+’ c3+co’

Ry =

Tor=1—-Ry, Twow=1+R:y, Tio=1—-Ry, To1 =1+ Ry,
Ry = Ty TioRs = (1 — R?)Ry,
R3 = TonThoTi2To R3 = (1 — RY)(1 — R2)Rs,
d, d, d d d d
B=2%—, ty=2% (4 =), t3=2x(_+—+2).
Co Co c1 Co C1 C2

Using the equation for a; (constant velocity FK migration) we can get:
a1(2) = 4R H(z — 2}) + 4Ro(1 — R} H(z — 25) + 4R3(1 — R3)(1 — R})H (2 — 24) (5)

o) (2) = 4R16(z — 2}) + 4Ry(1 — R} (2 — 25) + 4R3(1 — R%)(l — R?)6(z — 2%) (6)

where z/ is the pseudo depth for the ith interface. They are imaged for the events using reference
velocity co:

Codl - cody N coda
3 — @0
c1 c1 C2

Zi :do, d[)+

3 Evaluation of the HOIS closed form

By using Equation 5:

o1(z) = 4R H(z — 2}) + 4Ro(1 — R?)H(z — 25) + 4R3(1 — R3)(1 — R?))H(z — 25)

o HOIS (z + ;/; du%) = a1(2).

we will get the locations of the interfaces:

into HOIS:

HOIS __ ) _
<1 - Zl+ / du 1—025041( ) _d(]a (7)
HOIS o1 (u)
= dy— 1Y
% R /OO “1-0.2501 (u)
COdl C()d1 2R1
0ot o + o *1—R1 0+ ai, (8)

1 [% ag(u)
HOIS ! 1

— z dy—0—2"
3 3 2 /—oo 1-— 0.25041(u)

;1 /Zé a1 (u) / / 1 /Zé a1 (u)
= S B A — - e A L —
25 | M s T B TR T L, T 02501 (u)
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codo . 1+ Ry + Ro(1 — R?)
C9 1—R1—R2(1—R%)
(1 — Rl)(l — Rz) . (1 + Rl)(l + Ry — Rle)
(1+R)(1+Ry) (1—Ri)(1—Ry— RiRy)
2R R3
1—RiRy — R% — Rle

= do+di +

= d0+d1+d2*

= do+di+do+ds* (9)

HOIS HOIS
1 2

Comparing with the correct locations, z and z give the exact value, while szIS has a

deviation from the exact which is:

2R R3

AdYO1S = d .
2 21" RiRs - R+ RiR2

(10)

It is in the third order of the reflectivity and first order of the thickness, which is related to the size of
the differences between the actual and reference media and the duration of this differences. Usually,
this deviation is not large. For example, if Ry = Ry = 0.1 and dy = 0.5mi, Ad¥O1S ~ 1(meters).
This can be ignored. But when the differences between the actual and reference medium are big
and/or the duration of these differences are large, for example Ry = Rg = 0.5 and dy = 1mi, the
deviation would be Ad¥OTS ~ 250(meters) and can not be neglected.

4 Evaluation of the HHOIS closed form

Equation 10 shows that the deviation from the correct location would be obvious by using HOIS
closed form when the size and duration of the differences between actual and reference medium are
large. So we proposed HHOIS closed form to solve this problem:

1
QHHOIS (4 = du —o0

/z aq(u) +0.0625 f"_A dvay (v)a2 (v — A) ) = an(2)
2 )00 1-0.25a;1(u) +0.0625 ff;f dva (v)ag (v — A)[1 — 0.25a; (v — A)] S

Also using
a1(2) = 4R H(z — 24) + 4Ro(1 — R¥)H(z — 25) +4R3(1 — R3)(1 — R H(z — 25)

oy (2) = 4R15(2 — 2) + 4Ry(1 — R2)8(2 — 2) + 4R3(1 — R3)(1 — R3)d(z — 24),

the locations of the interfaces are:

HHOLS ;1 /Zi ; a1 (u) + 0.0625 [“ 2 dva) (v)ad(v — A) .
z = Z - U = dy
! P2 102504 (u) + 0.0625 ["22 dval (v)an (v — A)[1 — 0.25a (v — A)]
HHOIS - 1 /Zé J a1 (u) + 0.0625 ff;oA dva (v)ai(v — A)
4 = Z — u
? 272/ 1 - 02509 (u) +0.0625 ["2 dva!, (v)an (v — A)[1 — 0.250 (v — A)]
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_ ZHl/Zi du 1(1) + 00625 [*. " duai (v)af(v — &)
—oo 1 —10.250 (u) +0.0625 [* dval(v)oq(v —A)[1 —0.2501 (v — A)]
1 [* + 0.0625 A dva! (v)a2(v — A
e a1 (1) +0.0625 [ du (v)ad (v - &)
2/ 1 —0.25a1 (u) + 0.0625 [ dval(v)al(v —A)[1 —0.25a1(v — A)]
— ot codq 1 1 /Zé Ju a1 (u) 4+ 0.0625 « Ry * 0
a  2J;  1-0.2501(u) +0.0625 % Ry + 01

d d 2
codr | codr | Ry

= d
0 + C1 C1 1-— Rl
= do+dp (11)
JHHOIS 1 1 /Z{’ Ju a(u) + 0. 0625f vay (v)af(v — A)
2J-00 1-0.2501(u)+ 0.0625 [ dval( v)ai(v— A)[1 —0.2501 (v — A)]
_ +1/Z§ " ap(u) + 0. 0625f dvo/l(v)a (v—A)
2J- 1—0.2501(u)+0.0625 [* dval(v)al(v — A)[1 = 0.2501 (v — A)]
1 [* +0.0625 [“~2 dval, (v)a2 (v — A
+zé—z§+/ddu a1 (v) —A f 1(v)ai( )
2J4  1-0.2501(u) +0.0625 [ = dva!) (v)aq (v — A)[l —0.2501 (v — A)]

% 2Ry + 2R,(1 — R?) +0.0625 [“_“d 2v—A
= d0+d1+d/2+/3du ! 2( ) s dvan (v)ai(v )
# 1= Ry — Ry(1—R})+0.0625 [ 2 dva!, (V) (v — A)[1 = 0.2501 (v — A)]

) & 2R1 + 2Ry(1 — R?) 4+ 2R3Ry(1 — R?)

= dotditdy / T R — Rl — 1) T Ro(1 . R%)Rl(ll— Ry)

1 —R;)(1— Ry) . 1+R1—l—RQ(l—R%)+R2(1—R%)R1(1+R1)

1—|—R1)(1+R2) 1—R1—Rg(l—R%)—l—RQ(l—R%)Rl(l—Rl)
2R3 R2

1— R2 — R3Ry — R3R?

= do+di+dsy* E

= do+di +da+dy*

(12)

Comparing with the correct locations, zf{HOIS and z;

a deviation from the exact, which is:

HHOIS HHOIS has

give the exact value while 23

2R3 R2

AdIHOTS — ) w d . 13
2 2R T RE_RIR, - RIR2 (13)
Comparing with the result of HOIS:
2 2
AdHOTS — g, « Wit (14)

1—Ri1Ry — R% —I—RlR%.
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Evaluations of HOIS and several variations

Distance(m) Distance(m)
0 5001000 0 5001000

% 1500 % 1500
e <
=4 =4
5] [<B]
()] ()]

HHois

Hois

Figure 2: HOIS and HHOIS results of a four-layer model with properties: vy = 1500m/s, vy = 2000m/s,
vy = 5000m/s, vs = 3000m/s and interfaces at 300m, 1500m, 3000m.
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We can see that the deviation is still proportionate to the thickness but now in fifth order of the
reflectivity. Because the reflectivity is always smaller than 1, often very small, HHOIS would always
have a smaller deviation than HOIS as long as the input value of ay is accurate.

Figure 2 shows the numerical testing results. The left panel is the result using the HOIS and the
right panel is the result using HHOIS. We can see that the result of HHOIS shows a big improvement
over that of HOIS.

5 Evaluation of recursive HOIS

In Wang et al. (2009), for the multi-parameter acoustic medium, instead of getting HOIS-based
‘imaging conjecture’, we could only get the recursive HOIS (RHOIS) based algorithm directly.

Here, the RHOIS is:
1 [? a(u)
RHOIS
- S .\ R 1
“ (2) = <Z 2/_00 “1+0.25a(u)> (15)

Next we will show the recursive HOIS closed form would be equal to the normal HOIS closed form.
The expression for a is:
o1(2) =4R1H(z — 2}) + 4Ro(1 — RI)H(z — 25) + 4R3(1 — R3)(1 — R)H(z — 23).
and suppose o705 ig:
oz) = AR H(z — 211915) 4 4Ry(1 — R} H (2 — 21979 4 4R3(1 — R2)(1 — R} H (2 — 211019),
These two should be compatible with each other.

For the first interface, it requires:

1O a(u)
/ HOIS HOIS /
1A 2 /_Oo “T+025a() = (16)
For the second interface, it requires:
1 =0 a(u)
/ HOIS
= - dy———m~ 17
2=% 2 /oo Y15 0.25a(u)’ (7
cod 2R
do + 7(;11 =do + d{IOIS - d{{OIS * TR ]1%1, (18)
d 1+ R
= qHOIs _ 0%, = d;. 19
! ca 1—R ! (19)
For the third interface, it requires:
1 ZPI)‘IOIS
R Lt i I T e (20)
2 ) o 1+ 0.25a(u)
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HOIS
;, Coda Hors , ;Hors 1 /Z2 a(u) nors . 2R1 +2Ry(1 — RY)
Cod2 _ giors _ 1 G R 21
R AR o) o “140maf) 2 11 R+ R(1-RY 1)
1 1—R? 2 2
N dé_]OIS _ COdQ « + R1 + RQ( Rl) _ d2 RlRQ (22)

2 1-Ri-R(1-R) “"1-RR R -RR
The HOIS closed form and the recursive HOIS closed form have the same result when « has the
same amplitudes but different locations comparing with ;.

In practice, the R.H.S. of Equation 15 requires a(z) which we do not have. But a recursive method
could be used to solve this problem which is: At first, we use aq(2) for a(z) on the R.H.S. of
Equation 15 and then use the result of a(z) back to Equation 15 again. Repeating this process until
the result is stable (not changing any more when repeating). This is also why we call it recursive
HOIS.

Because an algorithm similar to equation 15 is had in the two-parameter case, a numerical test
shown below is carried out in the two-parameter case using that algorithm instead of RHOIS. But
the logic behind this is the same. The model we are using is 1D two-parameter and has three layers
with properties vg = 1500m/s, pg = 1.0g/cm?; vy = 1600m/s, p1 = 1.1g/cm?; vo = 1700m /s, py =
1.2g/em3. Figure 3 and Figure 4 are the results using the HOIS-based ‘imaging conjecture’ and
the RHOIS-based algorithm with two iterations. The figures show that the results from these two
algorithms are nearly the same which supports the analytical caculation.

6 Discussion and conclusions

In this report, the imaging results of HOIS, HHOIS, and recursive HOIS for a 1D four-layer medium
are calculated. The HHOIS showed obvious improvements while consuming little more calculation
when the size and duration of the differences between the actual and reference medium are large.
The recursive HOIS is the same with HOIS but requires iterations. This conclusion is important
in the multi-parameter case for the leap from the direct calculation to the two-parameter ‘imaging
conjecture’.
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Angle(Degrees)
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Conjecture

Figure 3: The result of HOIS-based ‘imaging conjecture’ for a three-layer model with properties: vy =
1500m/s, pg = 1.0g/em3; vy = 1600m/s, p1 = 1.1g/em?; vy = 1700m/s, pa = 1.2g/cm3.
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Figure 4: The results of recursive HOIS-based two-parameter algorithm for a three-layer model with prop-

erties: vy = 1500m/s,po = 1.0g/cm3; vy = 1600m/s,p1 = 1.1g/em3; va = 1700m/s, ps =

1.2g/em3.
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New capture of direct velocity independent depth imaging in a one-dimension

two-parameter acoustic Earth

Z. Wang, A. B. Weglein, and X. Li

Abstract

Among the challenges that the inverse scattering series (ISS) has to address in direct depth

imaging without the velocity are:

1. The size of the difference between the actual and reference velocity,
The duration of the difference,
The number of parameters to describe the medium,

The number of dimensions of the medium, and

AT o

The incident angles where the reflection events occur.

Each of these challenges has its own requirements for the imaging algorithms and many times
they are coupled together. It means even if one imaging algorithm can solve several challenges
seperately it may fail when these challenges happen together.

In this report, we will focus on extending the previous capability of the ISS imaging for a multi-

parameter Earth to accommodate larger differences between actual and reference velocity.

1 Introduction

Current migration algorithms have the assumption that the velocity is known which is obtained
from a procedure called “velocity analysis”. For complex media in which the velocity analysis has
difficulties, the assumption is not satisfied and the performances of the algorithms are affected.
One way to avoid these is to improve the performance of the velocity analysis and the other is to
develop algorithms which do not require the actual velocity. The inverse scattering series (ISS)
has been used to derive candidate direct nonlinear imaging algorithms following the latter route
(Weglein et al., 2002) . Shaw and Weglein (2004a) and Shaw and Weglein (2004b) successfully
isolated the leading order imaging subseries (LOIS) in the one-parameter (velocity only variations)
medium. It works well when the differences between actual and reference velocity are small. When
the differences are large, we need to use the higher order imaging subseries (HOIS, Liu et al. (2005)),
which has a better imaging capability than LOIS. When going from one-parameter medium to two-
parameter medium (both velocity and density variations), an extension was required and proposed
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in what is called the ‘imaging conjecture’ (Weglein (2008), Pages 1-8). The ‘imaging conjecture’ has
a multi-parameter front-end (sitting on top of a Fang Liu type of HOIS imaging algorithm engine)
that excludes density only reflections and outputs reflectivity. It can deal with very big contrast
one-parameter medium (constant density case, it will be the same as HOIS) and small contrast
two-parameter medium (Jiang et al. (2008); Li et al. (2008)). In this report, we showed the limited
capabiltiy of the ‘imaging conjecture’ for a large contrast two-parameter medium where these two
challenges happen together. Upon that, an imaging algorithm ‘beyond capture’ is provided and
tested.

2 The ‘imaging conjecture’ for two-parameter medium

Zhang (2006) and Jiang and Weglein (2007) derived the equation for aq, fi:

w1

D(z,0) = 1 |cos26™

(2) + (1 — tan?0)p1(2)| , (1)

and defined an new “imaging composite” Z(z,#) as following:

1

2(20) = 5

4
a1 (2) + (1 — tan?0)61(2) = —p—D(z, 0). (2)
0
It is a quantity related to the reflectivity. They also derived the equations for ag, 3 and ags, Os.
Here we rearrange the terms by grouping them as the expressions of (o — 1) and Z(z, ) whenever
possible:

1
00520a2
11 1 1 d9(z,0) /Z

) 00820@(2,9)@1(7;) — A2l - 2c0s20  dz

(2) + (1 — tan®8) B2(2)

d2'[an (2) = B1(2)] (3)

—0o0

6012 §es(2) + (1 - tan®0)Bs(z)

= Ll - Alaa(e) - Ao+ S B (2) — ()]
%ﬁ[al(@ — Bi(2))? - %ﬁ[m(z) — Bi(2)P?
_% 60129 d%Zﬁ) /_ OO d'laz(2) = Pa(2)] (4)
% coi49 d@d(; B [ / ; d2'[an () = B1(2")] 2 (5)
_é coi49 W / OO dz'lon (') = B ()" (6)

138



Imaging M-OSRP09

+5 g ZED [ () - i) )
-1—; ! v, [ + (3tan®6 — 1), ]Cilil /; d2'[a1(2)) — B1(2)] (8)

Next, We will use the same method for deriving HOIS closed form (Wang et al., 2009a) to show
how the ‘imaging conjecture’ (equation 9)is derived:

Hors 1 [* a1(?) = A1 (2)
7 (Z + 2 /_oo dz cos20 — 0.25[c (2') — B1(2")] 9)

— 9(2,9). 9)

1. For term (4), it can combine with the second term in Equation 3:

1 1 d2(z,6) [* ., o L1 dD(z,0) [, /
s [ A = A~ g e [ )~ ()

and we could imagine there will be more terms including [*__ dz'[as(2)—85(2")], [ d2'[ou(2)—
B4(2")] and so on in the higher-order terms. So the second term in equation 3 would become
1 1 d7(z0) [7 dZ'|(z") — B(2')]. Tt happens the same for terms including aq — 81 or 1,

2 cos?0  dz

for example, terms (5)-(8). They are all changed from a; — 31 to a —  and ) to (.

2. For term (5), it provides the third term in the series:

Z 29(, z 2
K)oz g [ - g g e | [ len() - )] +

2 cos20 8 costf

and this series can be writen as the LOIS closed form:
1 1 ?
LOIS _ - / N /
9 (2,0) =92 (z 5 20520 /OO dz'[on (2") — Bi(z )},0) : (10)

3. For term (6), combined with the second term in Equation 3 and the other terms from higher
orders, it would provide:

11 do2(z0) [, ., 11 d9(=0) ¢, ,
v | e = g TN [ et - P
11 d@(zae)/ i, a1(z) — u(?)
2cos% dz oo 140.25[aq(2") — B1(2")]/cos?8

Collecting all the terms mentioned in 1, 2, and 3 we would get the HOIS closed form as:

_ [y a(z') - B(z')
@HOIS(z’H)_@<z—2/_OOdz 0520 1 0.25[0(2)) — B 9>. (12)
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In Wang et al. (2009b), it has been shown that this form of HOIS is equal to take the moving part
to the left-hand side of the equation, which is:

HOIS N a1(2) — Bi(2) — 9(s
7 <z "2 /_oo 1 os 0.25[a1 (2/) — ﬂl(z')]’e) =9(2,0). (13)

This is exactly the ‘imaging conjecture’ from Professor Weglein. The middle panels of Figure 1 and
Figure 2 show the results of the ‘imaging conjecture’ for a small and large contrast medium. The
model used in Figure 1 has a smaller velocity contrast (about 6.7%) and the one used in Figure 2 has
a bigger velocity contrast (about 23.3%). We see that for the small contrast medium the ‘imaging
conjecture’ corrects locations of the mislocated reflectors in FK constant velocity migration, while
for the big contrast medium the second interface is still mislocated especially at large angles. This
indicates that there are more challenges to address for large contrast media.

Angle(Degrees) Angle(Degrees) Angle(Degrees)
409 510152025303540 409 510152025303540 40(? 510152025303540

Depth(m)
Depth(m)
Depth(m)

Conjecture Beyond conjecture

Figure 1: The comparison of ‘the conjecture’ and ‘beyond conjecture’ using a three-layer model with small
contrasts in properties: vy = 1500m/s, pg = 1.0g/cm?; vy = 1600m/s, p; = 1.1g/em?3; vy =
1700m/s, pz = 1.2g/em3. The left panel is the imaging result of D(z,0) using FK constant
velocity migration, the middle panel is the result of ‘the conjecture’; and the right panel is the

result of ‘beyond conjecture’ imaging capture.
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3 The capture ‘beyond conjecture’

We notice that there are still imaging terms (term (7) and term (8)) not included in the ‘imaging
conjecture’. We do not know how to deal with term (8) at the present; however, for term (7), if we
combine it with the second term in equation 3:

s [ ) = B+ gtV D [ o) - )
- gl AN TR [ de) - ) "

So the closed form including all terms similar to (7) would become:

HOIS 1050 ? v ai(2) = pi(2) _ (s
9 <Z+ 2[1 ﬁl( )] /_ood 00826—0-25[041(2/)_51(2/)]’0> -@( ,9) (15)

It captures more terms than the ‘imaging conjecture’ and has a better capability. The testing results
for the two models stated above are shown in the right panels of Figure 1 and Figure 2. Note that
comparing with ‘imaging conjecture’, it improves the location of the second reflector and the range
of angles where the image is reliable.

4 Discussion and conclusions

In this report, the multi-parameter imaging conjecture is reached by analysing and combining the
ISS terms which proves its rationality and correctness. Also, a new capture beyond conjecture is
proposed and tested. Since it includes more imaging terms, the results show good improvements in
both the location of the second reflector and the range of angles where the image is reliable. This
will be extended to elastic media before field data imaging application/test. There is still one more
imaging term in the third order of ISS not included in the new capture and our next aim is to get
it included and provides a better imaging algorithm.
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Figure 2: The comparison of ‘the conjecture’ and ‘beyond conjecture’ using a three-layer model with large
contrasts in properties: vg = 1500m/s, po = 1.0g/cm?; v = 1850m/s, p1 = 1.1g/em3; vy =
1350m/s, p2 = 1.2g/cm3. The left panel is the imaging result of D(z,0) using FK constant
velocity migration, the middle panel is the result of ‘the conjecture’, and the right one is the
result of ‘beyond conjecture’ imaging capture.
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Analysis of forward and inverse series for target identification

X. Li and A. B. Weglein

Abstract

A key objective of seismic inversion is to determine the mechanical properties of subsurface
targets towards identifying hydrocarbon resources in the earth. The inverse scattering series can
achieve many distinct traditional processing objectives within a single framework but without
the traditional need for subsurface information. The simplest and prototype inverse problem
(for parameter estimation) is to determine the changes in physical properties across a single
isolated interface from reflected data. We study, and progress our understanding of, the forward
and inverse series for that specific acoustic case. Matson (1996) showed that if the upper half-
space and lower half-space have velocities ¢y and ¢, respectively, then convergence occurs if
c1 > co/Vv/2 and divergence occurs if ¢; < c¢o/v/2. Therefore, for smaller reflection coefficients
(R.C.) (< —0.1716) the forward series diverges but for larger reflection coefficients the forward
series converges. How can that make any sense? First, we show how that surprising result
‘makes sense’.

Then we examine the corresponding inverse problem and for the first time show that: (1)
the ISS converges for all values of R; (2) the series is a term by term improvement towards
determining c¢;, when the R.C. < 0.625; (3) when the R.C. > 0.625, the series converges,
but will get worse before it gets better; and (4) for this example the inverse series has better
convergence properties than the forward series. This analysis is a first and important step
towards understanding how the inverse scattering series addresses the actual target identification

problem for determining changes in elastic properties and density in a complex multi-D earth.

1 TIntroduction

The objective of seismic exploration is to determine the location and mechanical properties
of potential hydrocarbon resources in the earth using recorded data. The recorded data
is nonlinearly related to the change of the medium properties across a reflector. Current
methods for inversion either assume a linear relationship between the amplitude of a primary
and the mechanical property change across the reflector, which can be violated in practice
and result in erroneous predictions; or assume a nonlinear relationship but use an indirect
model-matching method to seek the solution, which often has a significant computation effort
and also has reported ambiguity issues. The inverse scattering series developed by Weglein
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et al. (2003) realizes and honors the nonlinear relationship between the perturbation and the
scattered wave field. It is the only multi-D and multi-dimensional direct nonlinear formulasm.
In this extremely complicated framework, there are task specific subseries that can achieve all
the seismic processing objectives, such as multiple removal, depth imaging, direct nonlinear
target identification and Q compensasion using only recorded data and reference medium
through the same manner.

A very reasonable question to ask is, when we have an algorithm which is a subseries of inverse
scattering series, how to determine the value of a term or a collection of terms in that task
specific subseries? How many terms would be required in practice to achieve a certain level
of effectiveness? And when does added terms improve the specific task associated with that
subseries? These issues has been addressed for the isolated subseries for free surface multiple
removal and internal multiple removal by understanding specifically what each term in that
subseries is designed to accomplish. For example, in SRME, D? adds to D to remove all the
first order free surface multiples, and to alter all higher order free surface multiples. When
this is done, the second order free surface multiples look even worse than before, until D3
sets in and takes care of them. If the second order free surface multiples did not get worse in
preparation for higher terms, when D3 adds up, it will not be able to eliminate the unaltered
second order free surface multiples. This is an illustration of purposeful perturbation which
is defined as knowledge of precisely what each term within a given task-specific subseries is
designed to achieve.

We notice from the previous example that each term in inverse scattering series has its own
purpose as part of the series working towards the goal associated with that subset. This samne
logic is true for target identification subseries too. For inversion purpose, it is reasonable that
we would expect when the second order as added to the first order «q, the estimation will
move towards the actual value. But an added-value second term is what we want instead
of what the series promised to provide. The direct non-linear inversion for multi-parameter
elastic case even for 1D is complicated. Dr. Haiyan Zhang did a lot of work to get the terms
without integral to the 2nd order (Zhang, 2006). In this report, we analyze and understand
the value of terms in this subseries for target identification by studying a simpler accoustic
problem first. These new results from the accoustic example will affect how we define the
issues we are going to focus our attention omn.

In this report, we extended the previous work on understanding the inverse scattering series
multiple removal method to direct nonlinear target identification. We present a first step
study and examples of such understanding. In the first section we give a brief description of
the inverse scattering series. In the second section, the convergence properties of the direct
nonlinear inversion subseries are analyzed and also compared with the forward series in Matson
(1996). For the 1D one parameter acoustic case with single reflector, the inverse scattering
series has better convergence properties than the forward series. In the third section, by
studying the analytic examples, we look at the value of terms for the direct nonlinear target
identification, which provide us a guideline when we move to the more complicated elastic
world.
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2 Inverse scattering series

Starting from the two basic differential equations, (Weglein et al., 2003)
LG =, (1)
LoGy = 0. (2)

where L and Lg are the differential operators that describe the wave propagation in the actual
and reference medium, respectively; G and Gy are the corresponding Green’s functions.
The perturbation and the scattered field are defined as follows (Weglein et al., 2002):

V=1Ly—L, (3)
¢S =G — G07 (4)

The Lippmann-Schwinger equation which relates to G, Gy and V (Taylor, 1972) is the fun-
damental eqation of the scattering theory:

G = Go+ GoVaG, (5)
Iterating the above equation back to itself generates the Born series
G=Gyg+G)VGy+GVGyVGy + - - (6)
The scattered field 15 can be written as
Vs = GoVGo + GoVGoVGo + -+ = (¥s)1 + (s)2 + - - (7)
where the (1)), is the portion of 1 that is n® order in V. The measured values of v are the
data D
D= (¢s)m5 = (d}s)onthemeasurementsurface. (8)
Expanding V' as a series in orders of measured data (Weglein et al., 1997)
V=Vi+Voa+Va+---, (9)

Substituting the inverse form 9 into the forward 7
D = Go(Vi+Va+---)Go
+ Go(Vi+Va+---)Go(Vi+Va+---)Go+--- (10)

Evaluating both sides on the measurement surface and set terms of equal order in the data
equal, and we have the set of equations determining V1, V5,... and hence V in terms of D and

Go.
D = [G0V1G0}ms, (11)
0 = [GoVaGolms + [GoViGoViGo)ms, (12)
0 = [GOVYBGO]ms + [GoleOVZGO]mS
+  [GoVaGoViGolms + [GoViGoViGoViGolms, (13)
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3 The inverse scattering subseries for target identification

Consider a 1D constant density variable velocity acoustic medium where the propagation of
the wave field P is governed by:
d? w?
—+ | P=0 14
(i 5) )

where w is the angular frequency, ¢(z) is the local acoustic velocity, and z is the field point of
the wavefield. If the reference medium is chosen to be an acoustic wholespace with velocity
co, then the perturbation can be written as:

V(z)=— — = kia(2) (15)

where a(z) = 1 — ¢3/c%(z) and ko = w/co. And a(z) can be expanded as a series in terms of
data,
alz) =a1(z) + a(z) +ag(z) +--- . (16)

3.1 Convergence properties of the direct nonlinear target identification

subseries

In the previous imaging work, (Shaw et al.; 2004) isolated the leading order imaging subseries
and analyzed its convergence properties. Meanwhile, a direct non-linear inversion subseries
was also isolated. Here let us move forward and study the convergence properties of the
inversion subseries. The inversion only terms are:

—aj(z)+---. (17)

We assume that a plane wave propagates in the medium, and the medium consists of two
half-spaces in contact, with acoustic velocities ¢y and ¢; and a interface located at z = a as
shown in Figure 1. If the incidence angle is 6, Zhang (2006) showed that «; can be expressed
as

a1(2) = 4R(0) cos> 0H (z — a),

where R is the reflection coeflicient. For normal incidence case R = ﬁ When z > a

o] = 4R.

Substituting aq into equation (17), the direct non-linear inversion subseries above can be
written as follows:

a’® = 4R - 8R* + 12R* = 16R" + --- = 4R(> (n+1)(—1)"R"). (18)
n=0
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For this simplest example, we can prove this general form for the series from the close form
that R and « has. Since we have a general form now, we can examine the convergence of this
subseries through the ratio test as follws:

ans1| _ | (1) (n+ 2R n+ 2| (19)
an, (=)*(n+1)R" n+1
We know if lim [“2+L) < 1, this series converges absolutely. That is
n—oo
n+1
Rl <1 = 1. 20
[l < Jim 2 (20)

Thus, the direct non-linear inversion subseries converges when the reflection coefficient |R| is
less than 1, which is always true. Hence, for this example, the inverse series will converge
under any velocity contrasts between the two media. Compared to the forward series which
is convergent for a certain range of relative medium velocites, the inverse series has better
convergence properties. We will discuss this in the subsection about the forward scattering
series studied in Matson (1996).

3.2 Analytic examples

Now, back to the inverse subseries for target identification, we know that for the model
described previously with 1D earth single reflector, it converges for all values of R. For
this well-converging subseries, there are other issues we want to know: How about the rate
of convergence? Is it a term-by-term added value improvement towards determining the
actual medium properties? In this section, we study these issues by looking at three analytic
examples with different velocity contrasts. Considering the examples shown in Figures 2, 3
and 4. In these three pictures, the horizontal axis shows the number of terms added in the
estimation. For example, the corresponding points on the red line of n'* term means the n**
n

order estimation of «, which is > «;. The green line represents the actual value of «, the red
line represents the estimation \;a he of «, and the blue line represents the error between the
estimation and the actual value.

We now examine the convergence properties of the inversion subseries to the velocity contrast.
From Figure 2 to Figure 4, we notice: 1, The smaller the contrast, the faster the series will
converge. When the velocity contrast is getting bigger, the error of oy esitmation is getting
bigger, so it takes more terms and efforts to deal with the issue; 2, Analytic tests for this
1D acoustic layered model shows that when the reflection coefficient R is smaller than 0.625,
this series is always a term-by-term added value improvement towards determining ¢;. For
example, in Figure 2, as more terms are captured and added up, the error is approaching
zero, which means the estimation is getting closer to the actual value of o; when the reflection
coeflicient is larger than 0.625 as in the other two cases, the series is still convergent, but the
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Figure 1: Plane wave incident on a planar interface. Figure 2: In this case, ¢ = 1500m/s,c; =

1D accoustic medium with velocites in the

two layers as ¢y and c¢;.
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3000m/s,« = 0.75, R = 0.3333, where R
is the reflection coefficient. The green line
represents the actual value of parameter «,
the red line shows the n'” order estimation,
the blue line is the absolute error between

the actual value and the estimation.
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c_0=1500m/s, c_1=6500m/s c_0=1500m/s, c_1=8000m/s

alpha
alpha

0 10 20 o 10 20
number of terms number of terms
Figure 3: This one shows the case of ¢y =Figure 4: ¢¢ = 1500m/s,c; = 8000m/s,a =
1500m/s,c; = 6500m/s,a = 0.946746, 0.964844, R = 0.6842.
R =0.625.

estimation will get worse before it gets better; 3, Each term works towards the final goal,
for example, the higher order terms always correct towards the right direction; 4, Sometimes
when more terms in the series are included, the estimation looks worse locally (for example, in
Figure 3, when as is included, the estimation is worse than «q; and in Figure 4, when ag is
included, the estimation is still worse than ay), as soon as it starts to improve the estimation
at a certain order, the results never get worse again, every single term after that order will
produce an improved estimation. As we can see from these examples, each term is a team
player towards a collective goal, and specific intended function for that term does not depend
on what we expect. These favorable properties of target identification are consequences of
directness and purposefulness of the entire series, same as the free surface multiple removal
algorithms illustrated in Weglein et al. (2003) and depth imaging illustrated in Weglein et al.
(2008). This first step study and new results have very important conceptual and practicle
implication for direct nonlinear inversion.

3.3 Analysis of forward scattering series
Forward scattering takes the reference medium, the reference wavefield and the perturbation

operator as input and outputs the actual wavefield. Matson (1996) showed for a layered
model with only velocity variation, the reflection coefficient (R) and transmission coefficient
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(T) produced from this scattering model are series in terms of perturbation. When the
reference velocity is less than /2 times the lowest velocity in the scattering region, the R
and T are consistant with the classic results. For the simple example described in previous
section, the forward scattering series gives R in terms of « = 1 — ¢%/c? as follows:

R:ia+éa2+ﬁ5—4a3—|—---. (21)
This series will converge if ¢; > co/v/2 (or R > —0.1716), and will diverge if ¢; < co/v/2
(or R < —0.1716). This result seems a little surprising: for bigger reflection coefficient the
series will converge, while for smaller reflection coefficient it will not converge regardless of the
velocity contrast between the two layers. In order to better understand the physical meaning
behind the simple math, let us rewrite « as follows:

a:c%—cgzcl—co(q%-co)z. (22)
C% c1 + ¢o C%

The transmission coefficient T from layer 1 to layer 2 is defined as T'= 1 4+ R, we have
o =4R/T?.

We notice that the perturbation « is related to the combination of R and T'. The convergence
of the forward series requires |a| to be less than 1, which means |[4R/T?| should be less than
1. As we find out from last subsection, for the inverse series to be convergent, all it needs
is |R| to be less than 1. We have a clear idea about the difference between the convergence
conditions for the forward and inverse series. Let us take a closer look at the forward series:
Suppose ¢p is fixed and ¢; is at some value that is bigger than cq/v/2, when c¢; increases,
4R/T? increases. From equation 22, we can see when c; goes to infinity, a goes to 1 but
smaller than 1, the convergence of the series always holds; when ¢; decreases, so does 4R/T?,
but when c; is small enough, R starts to change sign and 7' can be very small, at some point
4R/T? will reach —1 and go beyond that, then this series will diverge.

4 Conclusions

In conclusion, we have analyzed the convergence properties and extended the prevous work on
understanding the term-by-term value of ISS multiple removal method to the direct nonlinear
target identification. From the analytic examples, we notice that the smaller the contrast the
faster the series will converge. For the first time it is shown: for this example, inverse series
has more favorable convergence properties than forward series; the inverse series for target
identification is convergent for all values of reflection coefficient (R.C.); when R.C. is smaller
than 0.625, the series is a term-by-term added value improvement towards determining the
unknown lower half-space velocity, otherwise, the estimation will get worse before it gets
better. This first step provides us a guideline and will affect our efforts in direct nonlinear
inversion as we move to the more complicated elastic world.
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An unanticipated and immediate AVO by-product (responding to pressing type
I and type IT AVO challenges) delivered within the ISS imaging program

X. Li, A. B. Weglein, and H. Liang

Abstract

Depth imaging through a complicated geologic overburden is an important and long standing
challenge in exploration seismology. Inverse scattering series (ISS) depth imaging subseries has
the potential of producing an image of earth directly using only recorded data and reference
medium. An ‘imaging conjecture’ for multi-parameter was proposed by Weglein (2009), pages
1-8, to extend the single parameter imaging algorithm of Shaw et al. (2004) and Liu et al. (2005).
A single collective image of a reflectivity like quantity as a function of angle is output as part
of the imaging conjecture. We examine this unanticipated AVO by-product for type I and type
IT AVO targets and applications. In the previous reports (Li et al., 2009; Jiang et al., 2009), we
analyzed and tested the 1D analytic example for a two-parameter (velocity and density) acoustic
medium. In this report, we follow up the multi-parameter imaging study and show initial elastic
results where ISS imaging conjecture not only produces a flat common image gather at correct
depth without needing the velocity but also preserve the zero crossing information in reflection

coefficient.

1 Introduction

The ISS can achieve all seismic processing objectives (including depth imaging) directly and
without subsurface information. The ISS direct depth imaging without the velocity algorithm
describes a non-linear relationship between data and the wavefield. Since the goal of our
imaging project was to use the ISS for locating structure without knowing any subsurface
information, it was reasonable to begin with an earth model that only allowed unknown
velocity variations. There are different ISS imaging subseries with different degrees of imaging
capture and capability. For example, (Weglein et al., 2000; 2002; 2003), LOIS (Shaw et al.,
2003a;b; Innanen, 2003) and HOIS (Liu, 2006) were developed for earth models where only
the velocity was variable and was assumed to be initially unknown and remained unknown.
LOIS and HOIS refer to the leading and higher order imaging subseries.

In reality, the earth can have rapid and unknown variations in both velocity and density. We
want a minimally complicated model that is adequate to achieve our predictive purposes but
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not too simple to be unrealistic, nor too complicated to be more than necessary to reach E&P
goals. So we need a multi-parameter ISS to study how the depth imaging task is performed
in this more realistic and much more complicated earth model. With all current leading-edge
imaging methods which require an accurate velocity, only the phase of the reflection data is
needed to locate a reflector. In contrast, all ISS objectives can be achieved in the same way
that the free surface multiples are removed by using both the amplitude and phase of the
events in reflection data. However, the reflections caused by only rapid density variations
play no role in the ISS imaging subseries. To eliminate reflections due to density changes
only required a generalization of imaging theories developed for modles that only accomodate
velocity changes. The ISS imaging method which is called the ‘imaging conjecture’ (Weglein
(2009), pages 1-8) generalizes the velocity only methods by excluding density only changing
reflections. Imaging conjecture uses strength and avoids the daunting issues of the multi-
parameter inverse series from the multiplicative conversations of events - instead of searching
for several separate images for each parameter, it automatically produces a single collective
image of a reflectivity like quantity at depth without the velocity.

This unexpected AVO by-product resulted from the imaging conjecture. It automatically
produced a reflectivity-like output as a function of angle at the correct depth and with a
flat common image gather (CIG) without needing either a velocity model or a trim mean
filter to force the flat CIG. In AVO methods there are two steps: (1) create a flat CIG which
is an intermediate result before AVO analysis and (2) use R(6) for subsequent parameter
estimation to determine changes in mechanical properties. In traditional and current AVO
work, seeking a flat CIG requires knowledge of the velocity. In practice, the zero crossing
information can be damaged through Step 1 by the combination of velocity analysis and
“ironing”. A serious issue arises for identifying type I and type I1 AVO targets which have a
sign change in reflection coeflicient at certain angles. Since ISS imaging can produce a flat CIG
without knowing the velocity, is it possible to preserve zero crossing information in reflection
coefficient for cases where we have a sensitive issue? Yes, this opportunity and tool developed
from the imaging conjecture for automatic flat common image gathers of a reflectivity-like
output without the need for ironing and without ironing away polarity reversals. Doug Foster
suggested examining the ISS to produce a flat CIG for type I and type II AVO targets. Early
tests of that possibility are encouraging.

The development of this new velocity and density varying imaging theory progresses from
simple 1D to complex multi-D tests. In this report, we show the ISS imaging results for 1D
elastic data which preserve zero crossing information in reflection coefficient at depth without
needing the velocity. This AVO by-product of the imaging conjecture will be delivered along
with our first imaging field data tests.
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2 ISS multi-parameter imaging algorithm

For an earth model with unknown velocity variation only, closed forms of the imaging sub-
series known as the leading order imaging series (LOIS) (Shaw et al., 2003a) and the higher
order imaging series (HOIS) (Liu, 2006) are developed as different degrees of imaging capture
and capability:

FOIS () o (2 % /Oz o (2)d); (1)
OéHOIS(Z—i-;/OZ %dz’):al(z)_ (2)

The ISS imaging algorithm has been extended to multi-parameter cases for both acoustic
and elastic media. In the following subsections, we will give a brief review of the conjectured
imaging algorithm. The effectiveness of the conjecture has been extended to include ISS
imaging terms beyond that initial imaging capability within a multi-parameter acoustic world
(Wang et al., 2010).

2.1 Imaging conjecture for multi-parameter acoustic

In previous reports (Li et al., 2009; Jiang et al., 2009), imaging conjecture for acoustic data
has been analyzed and tested. Let us review the extended imaging algorithm for an 1D two
parameter acoustic earth model first (e.g. bulk modulus and density or velocity and density).
Starting with the 3D acoustic wave equations for reference and actual medium:

w? 1
[KO(T) +V-p07(r)V}Go(r,rs,w) —(S(I'—I'S), (3)
W2
[K(T) + V- p(lr)V]G(r,rs;w) =46(r —rg). (4)

where Gy and G are the reference and actual Green’s functions respectively. K = ¢?p, is
P-bulk modulus, c¢ is P-wave velocity, and p is density. The subscript 0 represents those
variables in the reference medium.

The perturbation is:
wla J6]
V=L -L=—++V- -2V, o
0 Ky Po (5)

where o = 1 — % and f=1-— %0 are the two parameters we are going to use. V(z,V), a(z)
and (3(z) can be expanded in terms of recorded data (Weglein et al., 2003) respectively as:

V(2,V)=Vi(2,V) + Va(2,V) + -, (6)
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a(z) =a1(2) +ae(z) + -+, (7)
B(z) = p1(2) + Ba(z) + - . (8)

Based on inverse scattering series, the second order approximation for the parameters was
calculated in Zhang and Weglein 2005 for a layered acoustic media with both velocity and
density changes, the imaging-only term in the second order ISS equation was identified as:

z

L)+ (1 - tan?0)B)(2) / o () — Ba ()] (9)

B N
2cos20 ' cos20 ! oo

Substituting v (z) of one parameter case shown in Eq.(2) with a1 (z)—51(2) of multiparameter
case, we have the conjectured imaging algorithm for the latter one as:

# a1(2) — B1()d2
gHOIS (4 /_OO — 9[_1(5.2)5 . [5122/3]_ AEk 0) = D(z,0), (10)
where: )
D(2,0) = —%(mal(z) (1 - tan®0)61(2)), (11)

which is a composite dataset rescaled from the data after a constant velocity migration
GHOIS (4. 0) = —%D(z,&).

2.2 Imaging conjecture for multi-parameter elastic

Based on the imaging conjecture proposed by Weglein, the multi-parameter acoustic imaging
closed-form has been extended to multi-parameter elastic (Jiang et al., 2009).

For a 1D three-parameter elastic, PP data only:

z (D) (D)
1 —
@HOIS(Z_'_ / ay (Z )(1)a,0 (Z )(1) dz/) — DPP(Z,H) (12)
2 J—oc cos?2 6 — 0.25(a}’ (2') — ay’ (')
where:
1 1 B2 sin? 6
DPP(2,0) = —(1+ tan® 0)al (z) — itk tan® 0)a) (z) + 207(2)@51)(@. (13)
The composite dataset output from the imaging conjecture is 27979(2,0) = —4DPP(2,6).
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2.3 Multi-parameter AVO front end

In the conjectured imaging algorithm for acoustic data, the two parameters (velocity and
density) will be imaged as a composite form, which means instead of distinguishing the details
of the changed information (velocity change or density change), the imaging task recognizes
them as a combined form linear in the recorded data. The next step is to preprocess the
amplitude information for oy — 1 which is called the multi-parameter front end for imaging.
From the first order ISS equation for 1D two-parameter acoustic case, choosing two different
angles to solve for oy — 31 (Zhang, 2006):

D(zvel) - D(Za02)
tan26; —tan?6y

ai(z) — fi(z) =4 (14)

The extended imaging conjecture for elastic follows the same logic and avoids seeking for three
separate images for bulk modulus, shear modulus, and density. If only given DFF . there are
three unknowns but only one equation, see in Eq. (13). So we choose three angles to solve for

alV — oY (Zhang, 2006).

3 Analytic examples: Polarity reversals in a reflection from an

elastic interface

Polarity reversals in seismic reflection provide information of an important type of AVO
targets. To obtain the flat common image gather as well as preserve this information is
necessary. We talked about polarity reversals for an acoustic interface in Li et al. (2009).
Now we extend this study to an elastic model. The following two models are analyzed to
show the ISS imaging results have presesrved the zero crossing information for reflection
coefficient at depth without needing the velocity. In these two elastic models, the data is
prestack PP data. D(x,t) is the shot record and the reference P wave velocity depth image
is D(z,0), where z is depth and 6 = sin_l(wk“” ), where k, and w are the conjugates of = and

co
t and c¢g is the constant reference P wave velocity.

There is only an imaging contribution required of the ISS if the actual velocity varies and
the input velocity is assumed to be constant. In the first model (Figure 1), the velocities V),
and Vy in the first and second layers do not change. The velocity above the first reflector is
the reference velocity. For this model, when we use the reference velocity which is the correct
velocity, there is no imaging issues for the second reflector. The reference P wave velocity
image (left) will give the correct location of the reflectors. We can see in Figure 2, ISS imaging
conjecture (right) still provides the result which agrees with the constant velocity image (red
line represents the correct location). To look at the detailed amplitude information at depth,
% is shown for model T in Figure 3. We only focus on the second interface at which the
reflection coefficient as a function of angle experiences a zero crossing. The part that we
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* Model |

po=227g/em’ v =2133.6m/s v, =1122.88m/s

Z,=500 m

py=232g/cm® v,=2133.6m/s v =112288m/s

Z,=1000 m

po=224g/cn’ v, =2743.2m/s v =1828.8m/s

Figure 1: Elastic model I with type I AVO at the second reflector and zero crossing in reflection coefficient

happens at § = 28.45°. V,, and V; do not change, only density change across the first reflector.

are interested in has been enlarged. Notice that the zero crossing information for the second
reflector has been preserved. For the second model (in Figure 4) where p, V, and V; all
change. When we image the data using the reference velocity above the first reflector, we are
using a wrong velocity, there is a mislocation for the second interface as shown in Figure 5
ISS imaging conjecture moves the second reflector to correct location (red line represents the
correct location). Figure 6 displays the zero crossing information for model IT and again we
notice that the imaging result preserves zero crossing information in AVO targets at depth
without needing the velocity.

4 Conclusions

In conclusion, this report follows up on the previous work regarding multi-parameter acoustic
study. We tested the more complicated elastic case where the ISS imaging results preserve
zero crossing information and signs in reflection coefficient at depth without needing the
velocity. To get a flat common image gather and to identify type I and type II AVO targets
is an intermediate step towards parameter estimation. We are providing an important results
under the circumstances that even this intermediate step is difficult to achieve. This AVO
by-product resulted from imaging conjecture will be delivered along with our first imaging
field data test.
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Figure 2: The figure on the left shows data D(z,6) imaged with reference P wave velocity for model I, and
the figure on the right shows the HOIS image of D(z,6).
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oD(z,0)
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Figure 3: The figure on the left shows % imaged with reference P wave velocity, and the figure on the

right shows the HOIS iamge of %. We only enlarge the part at second reflector that has

the information of zero crossing. We notice that the zero crossing information is preserved after
HOIS.
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Initial tests for the impact of matching and mismatching between the earth

model and the processing model for the ISS imaging and parameter estimation

H. Liang, A. B. Weglein and X. Li, M-OSRP, University of Houston

Abstract

The objective of seismic processing is to determine the structure and the properties of the
subsurface from the recorded wavefield. To invert for medium properties requires the specifica-
tion of the parameters to be identified. The choice of the type and number of the parameters
defines an earth model type (e.g., acoustic, elastic, isotropic, anisotropic) (Weglein et al., 2003).
In both current conventional seismic processing and the new platform inverse scattering series
(ISS) imaging and parameter estimation, there are significant implications for having a mis-
match between the model that generates the data and the model assumed in the processing
algorithms. In this report, we focus on examining the effect of such a mismatch for the ISS
approaches. The numerical tests of the 1D three-parameter analytic elastic data, using the ISS
imaging conjecture and inversion for both acoustic and elastic media, confirm that it is impor-
tant to match the processing algorithm’s model type to the data model for ISS imaging and

inversion application.

1 Introduction

All inversion methods for identifying subsurface properties require specification of the as-
sumed earth model that generates the data. In this report, ‘model type’ indicates the choice
of the type and number of the medium properties which describe how the waves propagate
in the subsurface. Choosing medium parameters depends on: (1) processing goal and (2) the
algorithm to achieve that goal. For instance, regarding the goal of depth imaging, the conven-
tional imaging algorithms need both the arrival time and velocity to locate reflectors; whereas,
the ISS imaging algorithms take advantage of both the time and amplitude information with-
out knowing the velocity. In the context of seismic exploration, we especially investigate the
consequences of having a mismatch between the model that generate the data and the model
assumed in the processing algorithms for ISS imaging and parameter estimation.

The inverse scattering series has the potential to perform all tasks associated with inversion
without knowing the subsurface information (Weglein et al., 2003). Within the overall series,
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certain subseries each performs one specific task and acts as if no other tasks exist. The order
of the tasks performed using the inverse scattering series is: (1) free surface multiple removal,
(2) internal multiple removal, (3) depth imaging, and (4) parameter estimation. The first
two tasks are model type independent, i.e., the algorithms for achieving these two tasks are
precisely the same for a very big class of earth model types. For imaging primaries, a model
type independent ISS depth imaging algorithm is not yet developed. There will never be a
model type independent parameter estimation algorithm since we need to determine which
parameters to invert in order to predict the medium and target properties.

For locating structures using the ISS, the procedure begins with an earth model with velocity
variation only. The single-parameter ISS leading order (LOIS) (Shaw et al., 2002) and ex-
tended higher order (HOIS) (Liu, 2006) imaging algorithms can achieve the imaging objective
to a certain degree. However, these algorithms would fail if the medium has important density
variations. Then a multi-parameter imaging ‘conjecture’ was proposed by Weglein to accom-
modate that special case. The leading order closed form imaging conjecture was validated by
Jiang and Weglein (2008) and an extended higher order closed form was tested in the 2008
M-OSRP annual reports (Li et al., 2009; Jiang and Weglein, 2009). This imaging conjecture
has also been extended to accommodate the 1D three-parameter elastic earth model with P
wave velocity, S wave velocity, and density all varying.

In a context where the choice of model type is of fundamental importance, it is reasonable to
ask how the adequacy of such choice could be assessed. From our point of view, a model is
adequate if a less complicated model would decrease its drilling success and a more complicated
model would not improve its efficacy of drilling. In this report, we use the minimally realistic
earth model to achieve our processing goals, the isotropic elastic model.

In this report we consider analytic data examples. For linear estimation of parameters, the
elastic data are first run through the acoustic two-parameter inversion and then run through
elastic three-parameter inversion; as for locating structure, a three-layer elastic data model is
first assumed as acoustic and imaged using acoustic imaging conjecture, then the results are
compared with the elastic imaging conjecture results. Section 1 briefly introduces the model
type issues within the overall inverse scattering series and the history of the inverse scattering
imaging algorithms. In Section 2, we describe the inverse scattering series in general. Section
3 gives the background for both direct inversion and multi-parameter conjectured imaging
algorithms, providing numerical test results for the issue of mismatching. Section 4 is our
conclusions.

2 Inverse scattering series

Consider the two differential equations which describe how waves propagate in actual medium
and reference medium:

LG =6 (1)
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LoGo =96 (2)
where L, Ly and G, G are respectively the differential operators and Green functions in

the actual and reference medium. We define the perturbation V = Ly — L. The Lippmann-
Schwinger equation is:

G=Gy+GoVG (3)

Iterating Equation (3) back into itself produces the Born series:

G=Go+GoVGy+ GoVGVGy + - - - (4)

The scattered field ¥s = G — Gy can be defined as:

Vvs = GoVGo+ GoVGoV Gy + GoVGoVGy VG + - - -

()
= (ws)l + (¢s)2 =+ (¢s)3 + -
where (15), is the portion of 1, that is n'" order in V. The measured value of v, is the data

D, where D = (ws)ms = (ws)on the measurement surface- Luxpanding V' as a series in orders of D
yields:

V=V+Vo+Vg+--- (6)

where Vj, is n* order in D. Substituting the Equation (6) into the Equation (5) evaluating
and setting the same order of the data equal on both sides of equation on the measurement
surface yields:

D =[GoV1Golms (7)
0 :[GOVQGO]mS + [Goleoleo]ms (8)
0 =[GoV3Go]ms + [GoV1GoVaGolms

+ [GoVaGoViGolms + [GoViGoViGoViGolms 9)

The inverse scattering series provides a direct method for obtaining the subsurface information
by inverting the series order by order to solve for the perturbation operator V using only the
measured data D and a reference wave field G.
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3 Direct inversion and multi-parameter imaging conjecture algorithms

3.1 Multi-parameter direct inversion

In this section, we review the linear estimation of parameters using ISS for 1D acoustic
and elastic media (Zhang, 2006). It is assumed that the aoucstic medium varies in two
parameters (velocity and density); whereas, the elastic medium varies in three parameters (P
wave velocity, S wave velocity, and density).

3.1.1 Two parameter acoustic inversion

We begin with the 3D acoustic wave equations in the actual and reference medium (Clayton
and Stolt, 1981; Weglein et al., 1997):

w2
[K(r) —i—v'p(lr)v]G(r, rs;w) =0(r —ry) (10)
w? 1

[m+v-mV]Go(rvrs;w) =6(r —ry) (11)

where G(r,rs;w) and Go(r,rg;w) are respectively the free-space causal Green’s functions
which describe wave propagation in the actual and reference mediums. K = ¢?p is P-wave
bulk modulus, ¢ is P-wave velocity, and p is density. The quantities with subscript 0 are for
the reference medium and those without the subscript are for the actual medium.

The perturbation operator is therefore defined as:
w? 16}

(6]
V=ILy-L=-"14v.2 12
0 %, TV pov (12)

where oo =1 — I% and 0 =1— % are the two parameters we choose to invert. For the 1-D

case, the perturbation V has the following form:

wia(z) 1 0> 10 0

Vi(z,v) = Ko o (2)5s + ;Eﬁ(z)a (13)
V(z,v), a(z) and ((z) can be expanded as:
V(Z7V) ZW(Z)V)+‘/2(ZJV)+‘/Q’)(ZJV)+ (14)
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a(z) = a1(z) + az(z) + az(z) + (15)
B(z) = B1(z) + B2(2) + B3(2) + (16)
Then the linear term in V is:
wiai(z) 1 2 10 0
Vl(za V) = TO + %ﬁl(z) p@zﬁl( )? (17)

Substituting Equation (17) into Equation (7), we can obtain the linear solution for o and
in frequency domain:

a1(—2q4) + (1—tan20)ﬁ~1(—2qg) (18)

D(Qg, 0, 2g, Zs) _ _%ef’ng(Zs‘FZg) — 6

where the subscripts s and g denote source and receiver quantities respectively, 6 is the
incidence angle, g, is the receiver vertical wave number, and g, = ¢ cos . For a one-interface
case, it is assumed the interface surface is at depth z = a and suppose 24 = z; = 0. Using the
analytic data:

Dlay0) = poR(B) s 19
(49,9) = poR( )4m.qg (19)
After Fourier transform over 2qq, for fixed 6 we get:
1 2
mal(z) + (1 —tan®6)51(2) =4R(0)H(z — a) (20)

Choosing two different angles, o1 and f; can be solved. The linear estimation of the relative
change in P-wave velocity is (Zhang, 2006):

<AC>1 = %(041 — ) (21)

C

3.1.2 Three parameter elastic inversion

In this section we consider the linear estimation of parameters for 1D elastic medium. In the
PS domain (Weglein et al., 1997), the perturbation is given by V= (VPP ves ), the Green’s

f/SP f/SS

R AP “ . .
operator by Gg = (%0 C?S ), and data by D = (g};’ ggi > Three parameters are chosen to
be inverted: a, = ;T 1,a,= 70 —1landa, = ;70 1, where:
p = density
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~ = bulk modulus pa? (where a = P-wave velocity)
v = shear modulus p3% (where 3 = S-wave velocity)
We consider only PP data in this report. Assuming source and receiver depths are zero, we

can get the equation relating the linear components of the three elastic parameters and DFF
in the frequency domain (Zhang and Weglein, 2006):

50

DPP(v,,0) = —%(1 — tan® 0)&;1)(—21/9) — i(l + tan? 0)&%1)(—2y )+
ag

sin” 0a() (—2vy)  (22)

Where 6 is the incident angle and v, is the receiver vertical wave number, v, = o% cos 6.
Similar to the acoustic case, using the analytic data:

_ 2ivga
DPP(vy,0) = RPP(0)—— 2
(v0:0) = RPO) (23)

After Fourier transform over 2v,, for fixed  we have:

<%

0

(1 - tan®0)a(V(z) + (1 + tan® 0)al) (z) — 85 sin® fa) () = 4RPP()H (z — a) (24)

Choosing three different angles, aE) ), agl), and af}) can be solved. The linear estimation of

the relative change in P-wave velocity is (Zhang, 2006):

ANe 1
(2), - e ot @

C

3.2 Numerical tests for acoustic and elastic inversion

In this section, a 1D two-layer elastic model to be tested is shown in Figure 1. We consider
only one primary reflected from the reflector and assume that all the other seismic events
(ghosts, free surface multiples, and internal multiples) have been removed. The analytic data
has been shown in Equation (23). After Fourier transform over 2v,, we have:

DFP(2,0) = RFP(0)H (2 — a) (26)
where a is the depth of the reflector.

We first assume the data model is acoustic and use the acoustic inversion algorithm in Section
3.1.1 to obtain the linear estimation of P wave velocity change (%)1 = 1(a1 — B1) from the
inversion of elastic data. Then the elastic inversion algorithm is implemented and the linear
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Figure 1: A figure of a 1D two-layer elastic model with both P and S wave velocity change as well as density

variation.

estimation of P wave velocity change (%)1 = %(agl) - ag)) is obtained. Then three examples

are given and the numerical results for the two cases are compared.

From Figure 2, we notice that when the real value of P wave velocity change is 0.071, the
two-parameter acoustic inversion of velocity changes range from -0.45 to -0.15; whereas, the
elastic inversion result ranges from 0.06 to 0.074. The elastic inversion result is much closer to
the exact value. In Figure 3, when the P wave velocity decreases the elastic inversion result is
still better than the acoustic inversion. In Figure 4, when the change of the P wave velocity
is zero, the elastic inversion result is significantly close to zero and it is still better than the
acoustic inversion result.

3.3 Multi-parameter conjectured imaging algorithm

The ISS imaging subseries addresses depth imaging in a circumstantial nonlinear way (Weglein
et al., 2009): if an accurate velocity model is given the ISS depth imaging is a linear problem;
otherwise, the ISS would process depth imaging nonlinearly in terms of the data and without
knowing the velocity. The first term in the ISS imaging subseries is the linear imaging result
migrated using the reference velocity. The first nonlinear term in the subseries decides before
it acts if there is a issue in the data. If so, it will light up and indicate that the higher order
terms should go into action; otherwise, it will shut down immediately and signal to the higher
order terms that there’s nothing for them to do with the data. This is one of the intriguing
properties that the inverse scattering series possesses.

With the above background, we can take a look at the first nonlinear term in the imaging
subseries for the 1D two-parameter acoustic medium:
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Figure 2: Inversion comparison 1: the left two figures are the results of two-parameter acoustic inversion,
the right figures are results using three-parameter elastic inversion, the lower figures are the
contour of the upper figures. The parameters for the data model are: po=2.4g/cm?, p1=2.8g/cm?;
cpo=2600m/s , cp1=2800m/s; cso=1500m/s, cs1=1700m/s, with a exact value of velocity change
0.071.

_%@(ﬁa;(z)—k(l—tafﬁ 0)6,(2)) / o) - ()

—00

The integral of aq(z) — B1(z) which only takes care of the velocity change will shut down if
there is no velocity change in the medium. This means that there is no imaging task needed
if the reference velocity is exactly the actual velocity. If and only if the reference velocity is
different with the actual velocity, this term and the higher order terms will be turned on to
move the reflector towards the correct location nonlinearly in terms of the data and without
knowing the velocity.

Collecting the similar terms in the first nonlinear imaging term for the 1D three-parameter
elastic mdium, we have:
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Figure 3: Inversion comparison 2: the left two figures are the results of two-parameter acoustic inversion,
the right figures are results using three-parameter elastic inversion, the lower figures are the con-
tour of the upper figures. The parameters for the data model are: po=2.4 g/cm?, p1=2.89/cm?;
cpo=3000m/s, cp1 =2800m/s; cso=1500m/s, cs1=1700m/s, with a exact value of velocity change
-0.071.

11 1y

2 z
—§m[ma7 (2) + (1 — tan® H)agl)/(z) — 85—3 tan? falM)' (2)] / [aD(2) — alV(2)]dz'

agp

The logic and philosophy in the elastic case is similar as in the acoustic case. The integral
of a(vl)(z) - agl)(z) which only takes care of the P wave velocity changes will be zero if only

density changes in the medium.

Based on what has been discussed above and the one parameter HOIS imaging algorithm,
the imaging conjecture for multi-parameter acoustic and elastic media has been proposed and
confirmed. It has a multi-parameter front end which is a linear combination of the data and
excludes density only reflections. The term related to the linear estimation of P wave velocity

1 _ (1)

variations, oy — 31 in the acoustic case, and a, ' —a, ’ in the elastic case, are prepared through
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Figure 4: Inversion comparison 3: the left two figures are the results of two-parameter acoustic inversion,
the right figures are results using three-parameter elastic inversion, the lower figures are the
contour of the upper figures. The parameters for the data model are: po=2.4g/cm?, p1=2.8g/cm?;
cpo=3000m/s, cp1 =3000m/s; cso=1500m/s, cs1=1500m/s, with a exact value of velocity change
15 0.0

the inversion of the first ISS term. Then they are imaged as a composite form in the imaging
conjectures. The HOIS imaging conjecture for 1D two-parameter acoustic medium and 1D
three-parameter elastic medium are as follow:

(1) for 1D two-parameter acoustic medium:

HOIS 1 [ o (2) — Bi(2) o Dl
PR, /oo 00320 — 0.25(cr () — o () 2 V) = P&0) (27)

(2) for 1D three-parameter elastic medium:

DHOIS(Z + -
2 )00 cos? 6 — 0.25(a,(y1)(z’) - a,(ol)(z’))

0o )/ )/
1 / ay’(2') —ap’ (¥) dz',0) = DPP(2,0) (28)
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3.4 Numerical tests for multi-parameter imaging conjecture for acoustic

and elastic media

In this section, a three-layer elastic model to be tested is shown in Figure 5. We consider
only two primaries reflected from the reflectors and assume all the other events(ghosts, free
surface multiples, and internal multiples)have been removed.

Ay Bos Po

Figure 5: A figure of a 1D three-layer elastic model with both P and S wave velocity change, as well as

density variation.

For this three-layer elastic model, the analytic data in the frequency domain can be written
as:

e2ivga “pp e2ivga | o2idg (b—a)

R
4miv, + 4miv,

D" (vg,0) = R (6) (29)

Where a and b are the exact depth of the two reflectors, v, and ¢, are vertical wave numbers
for P wave in the first two layers respectively and 6 is the incident angle. Fourier transform
over 2v,, we have:

DPP(2,0) = REF(0)H(z — a) + REPH(z - V) (30)

This is the linear imaging result using the velocity in the first layer as the reference velocity.
Since the reference velocity equals to the actual velocity above the first reflector, the depth of
the first reflector is located correctly by the linear imaging. It is not the case for the second
reflector, whose depth is located at a pseudo depth ¥', and ¥'(0) = a + (b — a)g—z.
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The ISS conjectured imaging algorithms for two-parameter acoustic and three-parameter elas-
tic media are tested respectively using the same elastic data model. We first assume the data
model is acoustic and apply the acoustic imaging conjecture. Then the elastic imaging con-
jecture is implemented. The numerical results for the tests are shown below.

Angle(degrees) Angle(degrees) Angle(degrees)

50 50
8 £ E
£ < <
a o a
) [} O]
a} a} a
100 100 100
150 ‘ ‘ ‘ 150 : ‘ ' 150 ‘ ‘ ‘
0 100 20 30 0 10 20 30 0 10 20 30
D(z,6) Acoustic imaging Elastic imaging

Figure 6: Imaging comparison 1: the left figure is the result of constant velocity migration, the mid-
dle figure is acoustic imaging , and the right figure is the result of elastic imaging. The
depth of the two reflectors are: a=50m and b=100m. The parameters for the data model
are: po=2.1g/cm?®,p1=2.4g/cm?®, pa=2.7g/cm>; v,0=8000m/s, v, =3000m/s, vy=3000m/s;
vs0=1500m/s, vs1=1500m/s, and vs2=1500m/s

In Figure 6, 7, and 8, are the results of constant velocity migration, acoustic imaging, and
elastic imaging and the same analytic elastic data is used in each figure. In Figure 6, the P
wave and S wave velocity keep constant, so there is no imaging issue in this example. From
the results, we see that the elastic imaging do nothing; whereas, the acoustic imaging moves
the deeper reflector to the wrong depth. In figure 7 and 8, the P wave velocity contrasts are
the same. It is shown that compared with the constant velocity migration, the elastic imaging
algorithm is better at locating the deeper reflectors, but it is not the case for the acoustic
imaging algorithm.
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Figure 7: Imaging comparison 2: the left figure is the result of constant velocity migration, the mid-
dle figure is acoustic imaging , and the right figure is the result of elastic imaging. The
depth of the two reflectors are: a=50m and b=100m. The parameters for the data model
are: po=2.1g/cm3,p1=2.8g/cm>, pa=2.59/cm>; vpo=2700m/s, vy, =3000m/s, vy2=3500m/s;
vs0=1500m/s, vs1 =1800m/s, and vso=2000m/s

After comparing the acoustic imaging results in Figure 7 and Figure 8, which have the same
P wave velocity contrasts, we notice that the acoustic imaging result in Figure 8 improves
significantly. From this, we may wonder if there is a case that acoustic imaging is better
than elastic imaging for locating the deeper reflectors. After more numerical tests, we find
that when the shear modulus in the elastic medium does not change the acoustic imaging
algorithm is better at locating the deeper reflector. This can be illustrated by the following
example.

In Figure 9, the shear modulus in the data model is constant. From the results, it is shown that
acoustic imaging has better capability than elastic imaging in locating the deeper reflector.
This is because the change of shear modulus is zero in the data model, and the model assumed
in the acoustic inversion and imaging algorithm makes the change of the shear modulus zero,
which is consistent with the data model. Instead, there is a leakage for the linear estimation
of parameters when using the elastic inversion algorithms. The elastic inversion algorithm
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Figure 8: Imaging comparison 3: the left figure is the result of constant velocity migration, the mid-
dle figure is acoustic imaging , and the right figure is the result of elastic imaging. The
depth of the two reflectors are: a=50m and b=100m. The parameters for the data model
are: po=2.1g/cm3,p1=2.2g/cm>, pa=2.89/cm>; vpo=2700m/s, vy, =3000m/s, vy2=3500m/s;
vs0=1500m/s, vs1 =1600m/s, and vso=1700m/s

would produce an nonzero linear estimation for the change of the shear modulus. Thus, under
the special circumstances the acoustic imaging algorithm has better capability.

4 Conclusions

In this report, the consequences of using an inadequate model for the ISS imaging and param-
eter estimation have been studied. We first reviewed the direct inversion and multi-parameter
imaging conjecture using the ISS. Then 1-D three-parameter elastic data models are tested
numerically using the acoustic and elastic inversion and imaging algorithms. The imaging
conjecture and inversion algorithms for acoustic medium treat the data as though only den-
sity and P wave velocity varied in the medium; whereas, the elastic algorithms allow the
P wave velocity and S wave velocity and density to all vary. The numerical results show
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Figure 9: Imaging comparison 4: the left figure is the result of constant velocity migration, the mid-
dle figure is acoustic imaging , and the right figure is the result of elastic imaging. The
depth of the two reflectors are: a=50m and b=100m. The parameters for the data model
are: po=2.1g/cm3,p1=2.8g/cm>, pa=2.59/cm>; vpo=2700m/s, vy, =3000m/s, vy2=3500m/s;
vs0=1700m/s, vs1 =1624.4m/s, v52=1558.08m/s, and pov%, = p1v? = pav2,

that when the processing algorithm’s model type is matched with the data model, the ISS
imaging and parameter estimation results are better than the case when the two models are
mismatched. Thus, for ISS imaging and inversion application, it is important to match the
processing’s model type to the model that generates the data. What’s more, the issue studied
in this report dose not exclusively exist in the ISS approaches, others might also benefit from
our lessons of matching and mismatching.
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Abstract

In this paper we place Green’s theorem based reverse-time migration (RTM), for the first
time on a firm footing and technically consistent math-physics foundation. The required new
Green function for RTM application is developed and provided, and is neither causal, anticausal,
nor a linear combination of these prototype Green functions, nor these functions with imposed
boundary conditions. We describe resulting fundamentally new RTM theory and algorithms,
and provide a step-by-step prescription for application in 1D, 2D and 3D, the latter for an
arbitrary laterally and vertically varying velocity field. The original RTM methods of running
the wave equation backwards with surface reflection data as a boundary condition is not a wave
theory method for wavefield prediction, neither in depth nor in reversed time. In fact that idea
corresponds to the Huygens’ principle idea (Huygens (1690)) which was changed and evolved
into a wave theory predictor by George Green in 1826. The original RTM methods, where (1)
‘running the wave equation backward in time’, and then (2) employing a zero lag cross-correlation
imaging condition, are in both of these ingredients less accurate and effective than the Green’s
theorem RTM method of this paper. Furthermore, all currently available Green’s theorem
methods for RTM make fundamental conceptual and algorithmic errors in their Green’s theorem
formulations. Consequently, even with an accurate velocity model, current Green’s theorem
RTM formulations can lead to image location errors and other reported artifacts. Addressing the
latter problems is a principle goal of the new Green’s theorem RTM method of this paper. Several
simple analytic 1D examples illustrate the new RTM method. We also compare the general
RTM methodology and philosophy, as the high water mark of current imaging concepts and
application, with the next generation and emerging Inverse Scattering Series imaging concepts
and methods.
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1 Introduction

In this paper, we for the first time place Reverse Time Migration (RTM) on a firm theoretical
footing derived from Green’s theorem.

2 Overburden information for migration and migration-inversion

Green’s theorem provides a useful framework for deriving algorithms to predict the wavefield
at depth from surface measurements. There is much current interest and activity with RTM
in exploration seismology.

The original RTM was pioneered, developed and applied by Dan Whitmore and his AMOCO
colleagues in the 1980’s (Whitmore (1983)), for exploration in the overthrust belt. The tradi-
tional seismic thinking that used a wave traveling from source down to the reflector and then
up from the reflector to the receiver was extended to allow waves to move down and up from
source to a reflector and down and then up from reflector to the receiver.

For one way wave propagation, a single step in depth corresponds to one step in time, with a
fixed sign in the relationship between change in depth and change in time. Hence, for one way
waves, you can equivalently go down the up wave in space or take a step backwards in time.
For two way wave propagation, reversing time or extrapolating down an upcoming wave are
not equivalent. And to image a reflector that reflected a turning wave requires a non-one way
wave model that reversed time can satisfy.

In wave theoretic downward continuation migration, the source wavefield and receiver wave-
field are extrapolated to the subsurface using one-way wave equations to obtain an experiment
with coincident sources and receivers at depth.

The idea behind the two-way wave extrapolators (Whitmore (1983)) is to handle waves propa-
gating in any direction, including overturning waves and prismatic waves. The most common
implementation uses finite-difference techniques to solve the wave equation, which in the
acoustic case is given by

1 9*°P  0*°P 9*P 0°P

2 012 02 + Oy? + 022 (1)

where P can be either source or receiver wavefield. To calculate the source wavefield, standard
forward modeling injecting a user defined source signature into the model at the actual source
position is done. For the receiver wavefield, the wave equation is run backwards in time
and the recorded wavefield is injected into the model at the receiver positions as a boundary
condition. The injection of the recorded wavefield is done starting with later times and
finishing with the early times. That idea of using the measured values of the wavefield as
the boundary conditions for a wave equation run backwards in time corresponds to Huygens’
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principle (1690). The image, I(Z) is generated using a zero-lag cross-correlation imaging
condition,

(%) = /0 " S(ZOR(E, s — )t 2)

where the maximum recording time is tpqz, S(Z,t) is the modeled source wavefield and
R(Z, tyar — t) is the receiver wavefield (Fletcher et al. (2006)). Other imaging conditions
can be used such as the deconvolution imaging condition (Zhang et al., 2007) but the cross-
correlation is the most frequently used. The latter imaging principle is not equivalent to the
downward continuation of sources and receivers at depth and seeking a zero time result from
a coincident source-receiver experiment. One of the disadvantages of RT'M is that it requires
the availability of large amount of memory which increases with respect to the frequencies
we want to migrate (Liu et al., 2009). As a consequence, memory availability has been
a limitation to the application of this technology, especially to high resolution data from
large 3D acquisitions. Nevertheless, recent improvements in computer hardware have enabled
different implementations of RTM throughout the energy industry and there is a renewed
interest in this technology due to its ability to accommodate and image in media where waves
turn, as e.g. can occur in subsalt plays.

Several efforts have been aimed at improving the efficiency of the algorithm and dealing with
the high storage cost for 3D implementation. For example, Toselli and Widlund (2000) used
domain deconvolution which splits the computations across multiple nodes to improve the
efficiency of the algorithm, and Symes (2007) introduced optimal checkpointing techniques
to deal with the storage requirements, although, this type of techniques can increase the
computation cost. These are examples of improvements directly related to the numerical
implementation of the RTM algorithm.

Other efforts to deal with the practical limitations of RTM are based on changes in the
theoretical approach to the problem. One example is the work of Luo and Schuster (2004)
where a target oriented reverse-time datuming (RTD) technique based on Green’s theorem is
proposed. RTD can also be seen as a bottom-up shooting approach for RTM.

Using RTD’s formulation, only the velocity model above the datum is used to calculate the
Green function. No velocity under the datum is required, making the modeling more efficient.
This formulation also allows for target oriented RI'M and/or inversion. In target-oriented
RTM, the idea is to redatum the data into a mathematical surface (referred to as the datum
surface) within the earth’s subsurface and use RTM below the datum surface to obtain a local
RTM image of a given target area below the datum (Dong et al., 2009). In target-oriented
inversion, the inversion is carried out only for a target area below the datum. Target-oriented
inversion has also been proposed using the CFP domain.

The current formulation of RT'D or bottom-up shooting for RTM, uses a high frequency
approximation to Green’s theorem (interferometry equation) and measurements at the mea-
surement surface (above the earth) only. This formulation presents several approximations
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which can impact the quality of the redatuming or the migration (if an imaging condition is
applied after RT'D): 1) The first approximation is related to the measurement surface. Green’s
theorem based algorithms, in principle, require measurements over a closed surface. The fact
that we only measure the wavefield in a limited surface has an effect on the quality of the
redatuming and can create artifacts in both the redatumed data and the migration. Directly
addressing that issue is one of the principle aims of this paper. These measurements can be
interchanged for sources at the surface using reciprocity principles. 2) The second approxi-
mation is the high frequency, one way-wave approximation commonly used in interferometry.
This approximation allows to remove the need for the normal derivative of the pressure field
at the measurement surface. These normal derivative is required by Green’s theorem in its
most common form, which is the one used by (Luo and Schuster, 2004) in their RTD formu-
lation. As an analogy to interferometry, when used with two-way waves, this high frequency,
one way wave approximation will create spurious multiples in the redatumed wavefield within
the earth’s subsurface (see e.g. Ramirez and Weglein (2009)).

Dong et al. (2009) deal with the effect of these approximations by smoothing the model, and,
hence, reducing the effect of the one-way wave approximation. However, smoothing the model
does not solve completely the problems created by the use of approximations. The redatumed
wavefield will contain artifacts. Some of these artifacts will be imaged and stacking will not
remove these artifacts completely.

In this paper, we show how to formulate and apply Green’s theorem in an appropriate manner
for two way propagating waves. We begin with a simple discussion of back propagating waves
and imaging to illustrate how the type of a priori information needed above a target reflector
depends on your goal and level of information extraction at the reflector. We show that only
the velocity model above the reflector is needed to simply locate the reflector whereas all
properties above the reflector are required if you want to determine both where any property
has changed (structure imaging or migration) or what specific property has changed at the
imaged reflector and by what amount (migration-inversion).

We begin by exemplifying how all traditional linear backpropagation methods for predicting
waves at depth from surface reflection data need different types and degrees of a priori over-
burden subsurface information for different levels of ambition for subsurface target information
extraction: migration versus migration-inversion

In traditional seismic processing, the spatial location of reflectors (migration) is determined
by the velocity above the reflector while parameter estimation requires all properties above
the depth image where changes in earth mechanical properties are to be determined. A very
simple illustration of this idea can be obtained by using a 1D normal incident experiment
using the model shown in Figure 1, where z,,, represents the depth of the source and receiver,
and the depth of the first reflector is z1, and the second reflector’s depth is zo, and 29 is the
location to be determined. The recorded data, D(t), the wavefield at the coincident source
and receiver position chosen as z,s = 0, is given by

D(t,zm = 0) = R10(t — 2t1) + RL6(t — 2t3) (3)
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Figure 1: Zero-offset model. The velocity is denoted by ¢, and the density by p.

where R} = Ry represents the reflection coefficient at the boundary between the first and
second media, and R}, = Ty1 R12To represents the amplitude of the second event and is the
composite transmission and reflection coefficient in the second medium. The two-way travel
times for the first and second events are given by 2¢; and 2ts, respectively.

Fourier transforming Equation (3) gives
D(w,zm =0) = Rye*™h 4 Rle?wiz (4)

where the first term on the right hand side is the primary from the first reflector (at z = 2z1)
and the second term is the primary from the second reflector (at z = z9).

The next step is to locate the depth of the second reflector using the recorded data. To do
so, we will call upon the simple solutions to the wave equation governing wave propagation in
homogeneous media. In this example, that allows us to backpropagate separately the source
and the receiver down reversing the actual propagation paths of the recorded upgoing waves.
This step is known as downward continuation. Because, in traditional migration we assume
that we know the velocity model above each reflector to be imaged, we will treat each primary
separately, thus we write Equation (4) as

D(w, zms = 0) = D1(w, 2ms = 0) + Da(w, 2ims = 0). (5)
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The source and receiver corresponding to the first primary,
D1 (w, zms = 0) = Ryt (6)

are downward continued in the first medium (above the shallower reflector at z1), giving

21 2

Di(w,z) = Rje?™he "e”, (7)

In the downward continuation for the first primary, we use the medium properties (cg, po)
above that first reflector and the equation

d? w?

and, hence, the receiver and the source each contribute a factor of e~i«/c0)z

The solution in Equation (7) simulates a coincident source and receiver reflection experiment
at depth z. A non zero value of this coincident source and receiver experiment at depth
at t = 07 indicates a reflector just below the coincident point in the medium. Hence, the
next step in our example locates the reflectors by applying the imaging condition at ¢ = 0
to the downward continued data. The latter is realized by integrating over all frequencies
[ dw D(w, 2); in other words, we do an inverse Fourier transform evaluating the time in the
exponential of the Fourier kernel with ¢ = 0. Thus, we obtain

Di(t=0,z) = R16(2t1 — 2z/cp), (9)
corresponding to an image at z = cot1 at the depth of the first reflector.
The second primary,
Do(w, zms = 0) = R’Qezwm, (10)

is downward continued in the medium above the first reflector using the path of an upgoing
wave satisfying the differential equation (8) and for the medium between the first and second
reflector the equation used is

d? w?
—+—= | D=0, 11
(&%) )
which relates to the properties of the medium between z; and z5. Therefore, taking the source
and receiver to depth z in the medium below the first reflector
—i2w —i?—"’(z—zﬂ
Dy(w, z) = Da(w, zms =0)e 07e <1

- 2w - 2w
) —1=—Zz —1——(2Z—=z
— Réeszth <o 16 Cl( 1) (12)
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and applying the imaging condition gives

2 2
Do(t=0,2) = Ry(2ts— 22— 22— 2). (13)
Co C1
The second primary images at z = 21 + ¢1(t2 — t1), the depth of the second reflector, zs.
Therefore the location depends only on the velocity above each reflector (and not on the
density).

However, to determine changes in mechanical properties across each reflector requires the
reflection coefficients R; and Rj2 and the removal of Ty Tho from R} to determine Rjo where
R, = Tp1 R12Th0. To remove Ty, and Thg we must know the changes in velocity and density at
the first reflector. In other words, determining material property changes across each reflector
requires the velocity and density (and absorption and all other property changes) above these
two reflectors.

The latter amplitude issue can be viewed as a consequence of the properties of the R’s and 1T’s
which come from continuity conditions (note: the pressure and its normal derivative are not
continuous when the density and velocity change across a boundary). If the latter continuity
of pressure and its normal derivative were the case, then amplitude would only care about
velocity changes, in this simple acoustic example. To determine the amplitude of a reflection
coefficient at depth requires knowledge of all material properties above the reflector and not
only velocity. That’s worth keeping in mind for those pursuing/promoting ’true amplitude’
migration, especially if non linear target identification is the ultimate goal.

The general property of wavefield amplitude at depth from surface measurements follows from
Green’s theorem, where all medium properties are needed to provide the Green functions in
the medium, and necessary for determining the wavefield at depth.

3 Overview on the evolution of migration concepts and goals:
from NMOUstack to AVO and migration to migration-inversion,

the uncollapsed migration concept

As with all useful concepts, seismic migration has evolved and adapted to deal with ever
more realistic and complex media and to allow higher and more ambitious goals for the
imaged amplitudes. In seismic processing history the ’determine where anything changed’
structure/migration people and their ideas/methods typically progressed totally independent
from the what specifically changed” AVO people and their theories and methods. The AVO
theorists and practitioners were never too concerned with locating the position in the earth
of earth boundary changes, but rather focused on what specifically in detail was changing
somewhere, and the migration people were not too interested in what was actually changing,
after it was determined that something was changing at a point in the subsurface. Further,
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AVO people assumed a simple 1D earth and asked difficult, complex, detailed questions;
while the structure seeking migration people assumed a complex multi-D earth and asked a
less ambitious structure question “where did anything change?” In the 1D world, NMO-stack
evolved into AVO and multi-D migration evolved and was generalized into migration-inversion.

The components within migration are: a backpropagation of waves and an imaging condition,
where the latter imaging condition enables the backpropagated waves to be used to locate
and delineate reflectors. The uncollapsed migration imaging principle introduced by Stolt,
Clayton, and Weglein in the mid-1980’s (Clayton and Stolt (1981), Stolt and Weglein (1985))
extended and generalized the earlier Claerbout coincident source and receiver at depth at
time equals imaging condition; that earlier Claerbout principle aimed at structure. This
paper advances the propagation component theory of the propagation-imaging principle duet
and incorporates the Stolt-Clayton-Weglein uncollapsed migration imaging condition. That
uncollapsed imaging condition remains the high water mark of imaging conditions today,
allowing automatic amplitude analysis at depth with respect to the normal of the imaged
reflector, or imaging and inverting a point diffractor. We will not progress the imaging
condition in this paper. That uncollapsed migration imaging condition has been reinvented
(and relabeled), by among others Berkhout and Wapenaar (1988), de Bruin et al. (1990a),
de Bruin et al. (1990b), Sava and Fomel (2006), and Sava and Vasconcelos (2009).

We begin by discussing the history and evolution of models for the volume beneath the
measurement surface within which we backpropagate surface reflection data.

4 The infinite hemispherical migration model

The earliest wave equation migration pioneers viewed the backpropagation region as an infi-
nite hemispherical half space with known mechanical properties, whose upper plane surface
corresponded to the measurement surface, as in, e.g., Schneider (1978) and Stolt (1978).
Please see Figure 2.

MS

IRl - oo

Figure 2: The infinite hemispherical migration model. The measurement surface is denoted by MS.

There are several problems with the infinite hemispherical migration model. That model
assumes: (1) that all subsurface properties beneath the measurement surface (MS) are known,
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and (2) that an anticausal Green function (e.g., Schneider (1978)), with a Dirichlet boundary
condition on the measurement surface, would allow measurements (MS) of the wavefield,
P, on the upper plane surface of the hemisphere to determine the value of P within the
hemispherical volume, V. The first assumption leads to the contradiction that you have not
allowed for anything that is unknown to be determined in your model, since everything within
the closed and infinite hemisphere is assumed to be known. Within the infinite hemispherical
model there is nothing and/or nowhere below the measurement surface where an unknown
scattering point or reflection surface can serve to produce reflection data whose generating
reflectors are initially unknown and being sought by the migration process.

The second assumption, in early infinite hemispherical wave equation migration, assumes that
Green’s theorem with wavefield measurements on the upper plane surface and using an anti-
causal Green function satisfying a Dirichlet boundary condition can determine the wavefield
within V. That conclusion assumes that the contribution from the lower hemispherical sur-
face of S as the radius of the hemisphere goes to infinity vanishes. That is not the case, as
we explicitly demonstrate below. To examine the various large radius hemispherical surface
contributions to Green’s theorem wave prediction in a volume, it is instructive to review the
relationship between Green’s theorem and the Lippmann-Schwinger scattering equation.

5 Green’s theorem review (the Lippmann-Schwinger Equation

and Green’s theorem)

We begin with a space and time domain Green’s theorem. Consider two wavefields P and G
that satisfy

1 S S
(V2 — sz@f)P(ht) = p(7,1) (14)
1
and (V> — S 87)Go(7,t, 7, t') =06(F—7")6(t—t') (15)
c
where we assume 3D wave propagation and c is a constant. p is a general source, i.e.,

it represents both active sources (air guns, dynamite, vibrator trucks) and passive sources
(heterogeneities in the earth). The causal solution to Equation (14) can be written

++
P(F,t):/ dt’/ di'G§ (7 t, 7 ) p(F ) (16)

where Gg is the causal whole space solution to Equation (15). The integral from ¢+ to oo is
zero due to the causality of G(T.

Equation (16) represents the linear superposition of causal solutions G with weights p(7/, ')
summing to produce the physical causal wavefield solution to Equation (16). Equation (16)
is called the scattering equation and represents an all space and all time causal solution for
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P(7,t). Tt explicitly includes all sources and produces the field at all points of space and time.
No additional boundary or initial conditions are required in Equation (16).

Now consider the integral

tt tt
/ dt' / di'(PV"*Gy — GoV'"*P) = / dt’ / di’'V' - (PV'Go — GoV'P) (17)
0 Vv 0 \%

and we rewrite Equation (17) using Green’s theorem

t+ t+
/ d / 47V - (PV'Go — GoV'P) = / i’ / dS'(PV'Go — GoV'P) - (18)
0 v 0 s
This is essentially an identity, within the assumptions on functions and surfaces, needed to de-

rive Green’s theorem. Now choose P = P(7,t') and Gy = Go(7,t,7’,t') from Equations (14)
and (15). Then replace V/?P and V'2Gy from the differential equations (14) and (15).

V?Go = 502G+ 6(F —7)6(t —t') (19)
V’QP = 6—2822P + (7, 1) (20)

and assume that the out variables (7, t) are in the intervals of integration: #in V', ¢ > 0. The
left hand side of Equation (17) becomes:

/ dt/ q'% PO}Go — God P / dt/drw )Go( .7, t) (21
0

The expression inside the first set of parentheses is a perfect derivative Oy (POy Go — GOy P)
integrated over t'.

The result is (for 7in V and ¢ > 0)

1
/dF’/ dt' p(7' 1) Go(7,t F’,t’)—c—2

+ / dt’ / dS'(PVGy — GoVP) - (22)
0 S

¢t

/ A [Py Glo — Gody P
0 Jv

We assumed differential equations (19) and (20) in deriving Equation (22) and G can be any
solution of Equation (19) in the space and time integrals in Equation (17), causal, anticausal,
or neither. Each term on the right hand side of Equation (22) will differ with different choices
of Gy, but the sum of the three terms will always be the same, P(7, ).

If we now choose Gy to be causal (= G) in Equation (22) and let the time interval be
[—00,tT] and the volume, V' — oo, rather than [0,¢7] and V, respectively, then in the second
term the upper limit gives zero because G§ and 9y G{ are zero at t' = tT and ¢/ = —cc.
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The causality of G(T and Oy G(J{ causes only the lower limit ¢ = 0 to contribute in
tt

1
2

/ di'[POy Gg — G§ 0y P).

t'=0 Jy

If we let the space and time limits in Equation (22) both become unbounded, i.e., V' — oo and
the ¢’ interval becomes [—o00, 0] and choose Gy = Gsr, the whole space causal Green function,
then by comparing Equations (16) and (22) we see that for #in V and ¢ > 0 that

/ dt’ / 45/ (PVGE — GEVP) i — —
S

c2 -

t+
/ di' [POyG§ — G0y P] = 0.

= oo means a volume that spans all space, and co — V means all points in co that are
out51de the volume V. For 7 in oo and any time ¢ from Equation (16)

:/ dr / dt' p(7' tGE (7 t, 7', 1)
Vv
+/ dr / dt' p(7' G (7, t, 7' 1)
/dr/ dt' p(7', )G (7, t, 7, t)
+/ Vdf’/ dt' p(7' tGE (7 t, 7', 1) (23)

This equation holds for any 7 and any t.

For 7in V and ¢ > 0 Equations (23) and (22) must agree and

1t N
- / 47 PO GE — GOy P
/dr/ dt' p(7' £ )G (7t 7 1)
+/ dr / dt' o(7' G § (7, t, 7 1) (24)
co—V

and

/ dt’ / dS'[PV Gy — GV P] -
:/ dr’ dt’p(F’,t’)Gg(F,t,F’,t’) (25)
co—V 0

The solution for P(7,t) in Equation (22) expresses the fact that if all of the factors that both
create the wavefield (active sources) and that subsequently influence the wavefield (passive
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sources, e.g., heterogeneities in the medium) are explicitly included in the solution as in
Equation (22), then the causal solution is provided explicitly and linearly in terms of those
sources, as a weighted sum of causal solutions, and no surface, boundary or initial conditions
are necessary or required.

From Equations (24) and (25) the role of boundary and initial conditions are clear. The
contributions to the wavefield, P, at a point 7 in V and at a time, ¢ in [0,¢"] derives from
three contributions: (1) a causal superposition over the sources within the volume V' during
the interval of time, say [0,¢7] and (2) initial conditions of P and P; over the volume V,
providing all contributions due to sources earlier than time ¢’ = 0, both inside and outside
V', to the solution in V' during [0,¢] and (3) a surface integral, enclosing V', integrated from
t' =0 to t* that gives the contribution from sources outside V' during the time [0,¢1] to the
field, P, in V for times [0, ¢7].

Succinctly stated: initial conditions provide contributions from sources at earlier times and
surface/boundary conditions provide contributions from outside the spatial volume to the
field in the volume during the [0,¢] time interval. If all sources for all space and all time
are explicitly included as in Equation (16), then there is no need for boundary or initial
conditions to produce the physical/causal solution derived from a linear superposition of
elementary causal solutions.

On the other hand, if you seek to find a physical causal solution for P in terms of a linear su-
perposition of anticausal solutions, as you can arrange by choosing Gy = G|, in Equation (22),
then the initial and surface integrals do not vanish when you let V' — oo and [0, ¢] — [—o0, t].
The vanishing of the surface integral contribution (as the radius of the surface — oo) to P with
the choice Gy = GS” is called the Sommerfeld radiation condition, and is readily understood
by the comparison with Equation (16).

We now examine, in the 7*,w domain Equations (14) and (15) become

and the causal all space and time solution analogous to Equation (16) is
P(Tw) = / di’ p(7', w)G§ (7,7, w)
and Green’s second identity is
/V (PV2Go — GoV2P)di' = ji (PVGo — GoVP) -7 dS.

Substituting V2Go = —k?Go+6 and V2P = —k?P+p in Green’s theorem where [* P(7,t)e™!dt =
P(7,w) we find

/ P, w)o(F — ) di” = / (7 ) Go(F, 7, w)dF! + 7{ (PV'Go— GoV'P) - #dS'  (28)
1% 174 S
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if 7in V. There are no initial conditions, since in 7,w you have already explicitly included
all time in Fourier transforming from ¢ to w. All times of sources are included in the 7, w
domain. In 7, w the issue is whether sources are inside or outside V. The Lippmann-Schwinger
equation

P(r,w) —/ di'G§ (7, 7 w)p(7, w). (29)

provides the causal physical P for all 7. Equation (29) is the 7, w version of Equation (16) and
must choose Gy = G(')F (causal) to have P as the physical solution built from superposition and
linearity. In contrast, Equation (28) (as in Equation (22)) will produce the physical solution,
P, with any solution for Gg that satisfies Equation (27).

Equation (29) can be written as:

[eci+ [ s (30)
1% oco—V

For 7 in V the second term on the right hand side of Equation (28) (with Gy = G7) equals
the second term in Equation (30), i.e.,

/ oG ?i (PVGS — GEVP) - @dS'. (31)

Thus, the first term in Equation (30) gives contribution to P, for ¥in V' due to sources in V,
and the second term in Equation (30) gives contribution to P, for 7in V' due to sources not
in V.

With Go = G§
Ja{ (PVGY — G{VP)-ndS
S

provides the contribution to the field, P, inside V' due to sources outside the volume V.
What about the large |7] contribution of the surface integral to the field inside the volume?

We use Green’s theorem to predict that the contribution to the physical/causal solution P in
V from the surface integral in Green’s theorem, in general, and also when |7] — oo.

Jr
P
jg{PaG - GJFa—}dS — 0 as |F] — o0
and in contrast the contribution to P in V from
oGy
P—- G’— ds
P )

does not vanish as || — oco.
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We begin with Equation (28)

P(F,w):/ GE (7,7, w) d”’+%{PaG°— iap}ds Fin V (32)
14

with Gy either causal G§ or anticausal G;. When |7] — oo, the contribution from
oG¢
f {P— - G+—}d5’

to P in V must go to 0 since
P(F,w) = / GE (7,7, w)p(7", w)dF"
o0
(the Lippmann-Schwinger equation).
However, as |7] — oo, with Gg = Gy,

?{{ ﬁ_cf n}d5+/ GO(F,F’,w)p(F’,w)dF’Z/ Gy (7,7, w)p(F',w) di’ +0 (33)
V—oo \4

—00

}[ ( p% _ agi;}dg _ / G (7, 7" w) — G (7,7, w)|p(F",w)dF #£0  for all time

Hence, the large distance surface contribution to the physical field, P, within V with the
physical field P and P, and an anticausal Green function G will not vanish as |[7] — oco. As
we mentioned earlier, this is one of the two problems with the infinite hemisphere model of
seismic migration.

Although
P(F,w) = / G (7,7, w)p(F", ) dF
o0

would be a solution to Equations (14) and (26) for all 7, it would not be the causal /physical
solution to Equations (14) and (26).

And hence, in summary the contribution to the causal/physical solution for P(7, w) for 7 in

V from N
/ (PdG—G+dP> dS — 0
dn

as |R| — oo where P and dP/dn corresponds to physical/causal boundary values of P and
dP/dn, respectively. Physical measurements of P and dP/dn on S are always causal /physical

values. The integral
d dP
/ <P Go -Gy — >dS
g dn dn
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does not go to zero for anti-causal, G, and causal/physical P and dP/dn. The latter fact
bumps up against a key assumption in the infinite hemisphere models of migration. That
combined with the fact the infinite hemisphere model assumes the entire subsurface, down to
‘infinite’ depth is known, suggests the need for a different model. That model is the finite
volume model.

6 Finite volume model for migration

The finite model for migration assumes that we know or can adequately estimate earth medium
properties (velocity) down to the reflector we seek to image. The finite volume model assumes
that beneath the sought after reflector the medium properties are and remain unknown. The
"finite volume model’ corresponds to the volume within which we assume the earth properties
are known and within which we predict the wavefield from surface measurements. We have
moved away from the two issues of the infinite hemisphere model, i.e., (1) the assumption we
know the subsurface to all depths and (2) that the surface integral with an anticausal Green
function has no contribution to the field being predicted in the earth.

The finite volume model takes away both assumptions. However, we are now dealing with a
finite volume V', and with a surface S, consisting of upper surface Sy, lower surface Sy and
walls, Sy. Please see Figure 3.

Sy

Finite volume V Sy
(known)

St

Volume
(unknown)

Figure 3: The finite volume model

We only have measurements on Siy. In the following sections on: (1) Green’s theorem for one
way propagation; and (2) Green’s theorem for two way propagation we show how the choice
of Green function allows the finite volume migration model to be realized.

The construction of the Green function that allows for two way propagation in V' is the new
and significant contribution of this paper. It puts RTM on a firm wave theoretical Green’s
theorem basis, for the first time, with algorithmic consequence and consistent and realizable
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methods for RTM. The new Green function is neither causal, anticausal, nor a combination
of causal and/or anticausal, Green functions.

7 Finite volume: one-way wave Green’s theorem downward

continuation

Consider a 1D up-going plane wavefield P = Re~ % propagating upward through the 1D
homogeneous volume without sources between z = a and z = b.

P=R e—r’J’cz

Figure 4: 1D upgoing plane wavefield.

The wave P inside V can be predicted from

’ {P(,w) 4Go (2,7 ,w) — Go(z,zl,w)%(z’,w)} (34)

P(27W) - Z'=a dz'

with the Green function, Gy, that satisfies

2
(dj2 + k2> Go(z,7,w) = §(z—2) (35)

for z and 2/ in V.
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We can easily show that for an upgoing wave, P = Re~%*Z that if one chooses Gy = G(J)r
(causal, e¥1>=%| /(2ik)), the lower surface (i.e. 2/ = b) constructs P in V and the contribution
from the upper surface vanishes.

On the other hand, if we choose Gy = Gy (anticausal solution e~*I*=#1/(—2ik)), then the
upper surface z = a constructs P = Re~"*# in V and there is no contribution from the lower
surface 2/ = b. This makes sense since information on the lower surface 2’ = b will move
with the upwave into the region between a and b, with a forward propagating causal Green
function, G(T . At the upper surface 2’ = a, the anticausal G|, will predict from an upgoing
wave measured at 2’ = a, what the wave was previously and when it was moving up and
deeper than 2’ = a.

Since in exploration seismology the reflection data is typically upgoing, once it is generated
at the reflector, and we only have measurements at the upper surface 2’ = a, we choose an
anticausal Green function Gy in one-way wave back propagation in the finite volume model.
If in addition we want to rid ourselves of the need for dP/dz' at 2’ = a we can impose a
Dirichlet boundary condition on Gy, to vanish at 2’ = a.

The latter Green function is labeled G D,

—ik|z—2'| —ik|zT—2/|
-D _ . e B _6
Go = 2ik ( 2k ) (36)

where 2! is the image of z through 2’ = a. It is easy to see that 2/ = 2a — z and that

-D
P(z) = — (dig/ (z,z',w)) P(a) = e "9 p(q) (37)

in agreement with a simple Stolt FK phase shift for back propagating an up-field.

-D
Please note that P(z,w) = — (%(z,z’,w)) P(a,w) back propagates P(z' = a,w),

not G D The latter thinking that Gy P back propagates data is a fundamental mistake /Haw
in many seismic back propagation migration and inversion theories.

The multidimensional 3D generalization for downward continuing both sources and receivers
for an upgoing wavefield is as follows:

dGaD Y
(-TS,Z/S,ZS,SUS,Z/S,ZS;Q})
dz

X

dGyP
/ dZ[I) (x;py;vz;7ajg>ygaZg;(*))D('rgvyg>zgax87y57zs;w)dajgdyg d$sdys
g9

/ / / / / /.
= M(xs7ys’zs7xg7ygvzgaw)
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/ J—
g

/

! / ! / ! / ) / ! / !
where ¥, —xg = @), ¥g+ T = Ty, Yy — Ys = Yps Yg T Ys = Yy Zg — 25 = 2, and T+ 25 = 2p,.

The uncollapsed migration is M (z;,,, Yn., 2, T} Yh, 2, = 0;t = 0) and is ready for subsequent
AVO analysis in a multi-D subsurface (see e.g. Clayton and Stolt (1981), Stolt and Weglein
(1985), and Weglein and Stolt (1999)).

We now examine Green’s theorem for two way RTM in a 1D earth.

8 Propagation for RTM in a one dimensional earth: Using
Green functions to avoid the need for data at depth, new
noncausal or causal Green functions

Green’s theorem in 3D in the (7,w) domain to determine a wavefield, P(7,w) for 7 in V is
given by

P(Fw) = / 47" Go(F, 7, w)p(7", )
1%

+ f dS'7i - (P(F',w)V Go(7, 7', w) — Go(F, 7, w)V P(7',w)) (38)
S
In 1D in the slab a < z < b, Equation (38) becomes

b
P(z,w) = /dz’Go(z,z',w)p(z’,w)

dGo(z, 7' w)

b (P(z',w) 2 —Go(z,z’,w)dpilzm> (39)

Z,

Assuming no sources in the slab, the 1D homogeneous wave equation is

d2
(dw +k2> P(<\w) = Oforz<z <b (40)

with general solution
P(2,w) = Ae* 4+ Be™* for z < 2/ < b (41)

where k = w/c. Given the conventions positive 2’ increasing downward and time dependence
e~ in Fourier transforming from w to ¢, the first term in Equation (41) is a downgoing wave

and the second term is an upgoing wave.

The equation for the corresponding Green function is

( di: + k:2> Go = d(z—2) (42)
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with causal and anticausal solutions

1 . /

Gi(z, 7 \w) = ﬂe”dz_“ (43)
1 : /

Gy (2,7 \w) = —ﬂe_”ﬂz_z' (44)

Equation (39) suggests the Green function we need is such that it and its derivative vanish
at 2/ = b. Such a Green function “kills” the need for measurements at 2z’ = b.

Equation (42) is an inhomogeneous differential equation with general solution A;e™*? +
Bpe ¢ 4 Go(z, 2, w) where the first two terms are the general solution to the homogeneous
differential equation and the third term is any particular solution to the inhomogeneous dif-
ferential equation. The choice Go(z,7',w) = G (z,2',w) gives the following general solution
of Equation (42);

o, o, 1 . ,

GO(Z,Z/HV) — Alezk‘z + Ble—zkz + 2.kezk\z—z | (45)

(3
Its derivative is
dGo(z, L .
()(;,/Z,CU) — Alelk’z ik + Ble—zkz (—Zk)
z
1 . '
+ﬂezk\z—z ‘Z'k‘ sgn(z . Z/)(—l) (46)

(3

Now we impose boundary conditions in order to find A; and B;. The requirement that
Equations (45) and (46) vanish at 2’ = b gives

ik |z — b|
. ) 1 N——
0 = A1e® 4 Be b4 —¢ b=
2ik
ik|z —b]
ikb; —ikb, 1 —
0 = A"k + Bie " (—ik) + —e = ik sgn(z —b)(—1)
2ik e e’
-1
. . 1 .
Alezkb + Bleflkb — _ﬂelk(bfz)
. . 1 .
Alezkb - Blefzkb _ _ﬂezk(bfz)
_ 1 .
24 ikb 9 = tk(b—z)
1e 2k
1 .
A = —ikz 47
L 2k 47)
9B e kb —
B =0 (48)
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Substituting Equations (47) and (48) into (45) gives

o 1 . /
/ = —ikz ikz = ik|z—2|
Go(z, 2" w) A + 5% "
1 —ik(z—2' ik|z—2'
= _ﬂ(e R(z=2) _ giklz=2]y (49)
Note the following about Equation (49):
(1) When 2/ = b Gy(z,b,w) vanishes:
ik|z — b
1 ik(a— SN——
Go(z,b,w) = —ﬂ(e Hamh —e0me)
1 : :
_ _f(e—zk(z—b) o e—ﬁk(z—b))
2ik
! 0

(2) When a < 2/ < b Gy(z,2',w) is neither causal nor anticausal due to the presence of the
term —1/2ik e~k(z=2)
(3) When 2’ = a Gy(z,a,w) is the sum of anticausal and causal terms, but not in general or
at any other depth.
—ik(z — a)
1

T

1 —ik|z—al 1 ik(z—a)
2ik T ik

anticausal causal

S—— .
l=—a|  _ ezklzfa\)

Go(z,a,w) =

(4) Normally one uses Dirichlet or Neumann or Robin boundary conditions on the surface S
(in our 1D case at both a and b). Constructing the Green function Equation (49) has enabled
us to use both Dirichlet and Neumann boundary conditions on part of the surface S (in our
1D case only at a).

The Green function for two way propagation that will eliminate the need for data at the
lower surface of the closed Green’s theorem surface is found by finding a general solution to
the Green function for the medium in the finite volume model and imposing both Dirichlet
and Neumann boundary conditions at the lower surface. We confirm that the Green function
Equation (49), when used in Green’s theorem, will produce a two way wave for a < z < b
with only measurements on the upper surface. Substituting Equation (41), its derivative,
Equation (49), and its derivative into Equation (39) gives P(z,w) = Ae’** + Be ™2 j.e., we
recover the original two way wavefield. The details are in Appendix A.

A and B can be derived from the measured data P(a) and P’'(a):

P(a) = Ae™® + Be ™
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P'(a) = Ae*%ik + Be *(—ik)
— Aeika _ Be—ika
P'(a)

24¢™ = P(a)+

ik
. /
4 iEP@+ Pa)
2ik
y P'(a)
2B ika - p _
¢ (@) = =%

waibP(a) = P'(a)

B =
2ik

In a homogeneous medium the 3D equivalent of Equation (40) is
(v/2 +k2)P(x/7y/7 Z/7w) = 0

where k = w/c. Fourier transforming over 2’ and y’ gives

d 2 o W /
@_kx’_ky’"’—cﬁ P(kx/,ky/,Z,W) = 0
=k?,

which looks like the 1D problem

d2
<dz/2+/<:§,) P(ky,ky, 2, w) = 0

with general solution
Py by, 2 w) = Ae*? 4 Bemikr?

We illustrate, in the next section, a more complicated 1D example, where the finite volume
contains a reflector.

9 RTM and Green’s theorem: two way wave propagation in a 1D finite
volume that contains a reflector

Consider a single reflector example:

z increases downward,

the source is located at depth z5 (where 0 < z5 < a),
the receiver is located at depth z, (where 2z, < 24 < a),
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for 0 < z < a the medium is characterized by cg,
for z > a the medium is characterized by ¢;, and
the reflection coefficient R and transmission coefficient T at the interface (z = a) are given

by
R = 42—« (50)
co+ 1
T — 261
co+C1

Assume the source goes off at ¢ = 0. Then the wavefield P for z < a is given by

eik|z—z5| e—ik(z—a)

P = ik(a—zs) 1
s T o ¢ (51)

Detail: In the time domain, the front of the plane wave travels with 0(¢ — |z — z5|/co) out
from the source. Hence, the first term in Equation (51) for P is the incident wavefield (an
impulse) and for the second term in P

o=zl lz=df
Co €o

from source to reflector  from reflector to field point z

Fourier transforming gives:

/emé <t Al Zs|> dt = e(iw‘z%om>
Co
(52

for z < a e(i<a:7ozs+a;t)z)w>

e—ik(z—a) +ik(a—zs)

e—ilc(z—(?a—zs))

Therefore 2a — z5 — z is the travel path from the source to the reflector and up to the field
point z.

If instead of an incident Green function we choose a plane wave, we drop the 1/(2ik) and set
zs = 0, and then the incident plane wave passes the origin z =0 at ¢t = 0.
The transmitted wave field is for z > a

1

P = ﬂTeik\a—zs\eikl(z—a) (52)

with R and T given by Equation (50) then Equations (51) and (52) provide the solution for
the total wave field everywhere.
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Now we introduce Green’s theorem. The total wavefield P satisfies

d? w? ,
i * i 70

The Green function G will satisfy

d? w? ,

where

/
C(Z,):{Cg ' <a

¢l 2 >a

The solution for P is given in Equations (51) and (52). The solution for G will be determined
below. G and Gp are a homogeneous solution and particular solution, respectively, of the
following differential equations:

d? w?
{m2+&@JGH‘O

d? w?
{¢ﬂ+@@JGP‘5

A particular solution, Gp, can be given by Equations (51) and (52) with zs replaced by

B dG dP
P(z,z5,w) = ‘A{P(z’,zs,w)w(z,zl,w) - G(z,z',w)@(z’,zs,w)}
where A = z4, the depth of the MS, and B > a is the lower surface of Green’s theorem.
The “source”, i.e., z, is within [A, B] and either above or below the reflector at z = a and
conditions will be placed on the solution, G, (for a source within the volume) for the field
point of G, i.e., 2/, to satisfy at B. That is

(G(z,7',w))y=p =0
and <dG:(z,z’,w)) =0
dz B

First pick the “source” in the Green function to be above the reflector, then Equations (51)
and (52) provide a specific solution when you substitute for z5 in P, the parameter, z, and
for z in P the parameter, z’. The latter allows a particular solution for G for the case that z
in G is within [A, B] but above z = a.

Please note: The physical source is outside the volume, but the “source” in the Green function
is inside the volume. Also, note that for the case of the (output point, z) “source” in the Green

203



Wavefield representations using Green’s theorem M-OSRP09

function to be below the reflector and within [A, B] that a different solution for P other than
what is given in Equations (51) and (52), would be needed for a particular solution of G. The
latter would require a solution for P where the source is in the lower half space.

What about the general solution for Gy

d? w?
{dz'2+cz(z’)}GH_0 (53)

The general solution to Equation (53) is, for any incident plane wave, A(k) for [A, B]

_y T
o Alezkz 4 ‘B16 ikz S < q

H = . / i /
Cre? 4 D7 >

The general solution to Equation (53) has to allow the possibility of an incident wave from
either direction, that’s what general solution means!

The general solution for G for the single reflector problem and the source, z, above the reflector

is given by
k|2’ 2 —ik(z'=a) ik(a— ; —i
, B e’ ‘f z +RE E ) pik(a—2) +A1€zkz’ + Bje ikz’ S <a
G(z,72',w) = 2ik 'z o o (54)
%ezk\a—dezkﬂz —a) + Clezklz + Dle—zklz 2> a

for the source z being above the reflector and we choose C and D; such that

G(z,B,w) =0

where for 2’ > a Gp above is 1/(2ik)Tekle=2l¢ik1(z'~a),

Equation (54) will be the Green function needed in Green’s theorem to propagate/predict
above the reflector at 2z’ = a where P and its derivative are given by Equation (53). In
practice, the deghosted scattered wave is upgoing (one way) and finding its vertical derivative
is simply ¢k, x P. Deghosting precedes migration.

For downward continuing past the reflector, as previously stated, the P solution needed for
the particular solution of the Green function starts with a source in the lower half space
where k1 = w/cq. That’s how it works. In practice for a v(x,y, z) medium a modeling will be
required that imposes a double vanishing boundary condition at depth to produce the Green
function for RTM.

10 Multidimensional RTM

Consider a volume V inside a homogeneous medium; V is bounded on the left by 2/ = A, on
the right by 2’ = L1, on the top by 2’ = B, and on the bottom by 2’ = Ly. We want to use
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Green’s theorem to estimate the wavefield P in V' which requires we measure P and 0P/dn
on the boundary S of V. However, we can place receivers only at 2’ = B. Can we construct
a Green function G such that it and its normal derivative dG/9n vanish on three sides of V
so that P can be estimated in V using only the measurements on 2z’ = B?

G can be written as the sum of a homogeneous solution Gy and a particular solution Gp
where (3 satisfies the partial differential equation (V'2 + k)G = §(7 — 7' ) and Gy satisfies
the partial differential equation (V'2 4+ k2)G g = 0. We try solutions of the form:

G Fw) = D Apn()Xm(2)Za(2) + Gp(i, 7 w) (55)
Gu(F,7w) = D Ama(P) X (3') Zn(2) (56)
with the boundary conditions that G and 0G/dn vanish at 2/ = A, 2/ = Lo, and 2’ = Ly,
i€,
at 2’ = A G =0 and —§—0,
a /
atz’:LgG—Oand%—O and
oG
atx':LlG—Oand?:O.

Substituting Equation (56) into (V'2 4 k2)Gy = 0 gives:

”
0 = <a’2 tTorz T k’2> X (a) Zn(7)
= X (@) Zu(2) + Xin(2) Z(2') + K2 Xon(2') Za (')
Xn()  Zp(2) o
+o gtk
Xm(@') ~ Zn()
Z4CO NN
Zn(2')
0 =  Z'(Z)+N2Z.(¢)
Zn(Z) = CreM? 4 Cpe™ 0 (57)
= X" ( k2 — X)X (2
0 (@) + (H,—/) (z')
=u?
Xp(z) = Cgeiumm’ 1+ CyeiHme’ (58)

where 2, — X,u(2') and A2 — Z,(2'). We assume X,,(2) and Z,(z') are orthonormal
and complete.

The boundary conditions on the left are G(A, 2’)

=0, Gy (A,2) =0, on the right G(Lq,2") =
0, G (L1,2") = 0, and on the bottom G(z', Ly) =

0, GZ/(:L’ Ly) = 0. Substituting these
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(4,B)

Ly, B)

(4, L)

(Llr LZ)

Figure 5: Two dimensional finite volume model

boundary conditions into Equation (55) gives:

0 = G(A4,7,2,2) Z A (P) X (A) Zn(2) + Gp(A, 2, 2, 2) (59)
0 = Gu(A 2 z,2) :Z Apn(MX](A)Z (z')—i—iGp(A 2w, 2) (60)
x 9 9 bl « m,n m n dI’l 9 9 bl

0 = G(L1,7,2,2) =Y Amn(F)Xm(L1)Zn(?) + Gp(L1, 2, 2, 2) (61)
d

0 = Gu(Ly,7 x2) = Zn A (A X1 (L1) Z0 (7)) + @Gp(Ll,z',x,z) (62)

0 = G Ly,w,2) =Y Apn(N X (2') Zn(La) + Gp(a', Ly, z, 2) (63)
d

0 = Gu(a, Ly, x,2) = ; A (F) X (") Z0 (L) + @Gp(a:’,llg,x,z) (64)

Equation (59) is

—Gp(A, 2 x,2)

Zn(?')

Multiplying by Z4(2'), integrating, and substituting Equations (57) and (58) give:

B
= Gp(A, 2 z,2)
Ly
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B
— GP(A’ Z/,CL', Z)(Cle’L)\sz’ _|_ CQG_Z)‘SZ/) dzl

Lo
= 3 A () (Caelm A 4 Cyemitm A
m
In similar fashion we get:
B d ; / . ’
_/ ﬁGP(A, Z/7$, z)(CleMsz + C2e—zAsz )dz’
Lo d.%'
= > A (F)ipm(Caem? — Cyemm )
m

B
— GP(L17 Z,, ZE, Z)(ClelAsz/ + 028_’5)\32,) dz/
Lo

= Z Am’s(f><036iﬂmL1 +C4€—iule)

B

d - N

_/ 7/GP(L1’ZQ$,Z)(013Z)‘SZ +02€_Msz)dz,
Lo dx

- Z Am’s(f})iﬂm(c?)emmh — Cyeimly

L1 A , ‘ /
— GP(:Z;‘,’ L27 x, Z)(Ogel,usm _|_ C4e—lusaj )dz/
A

= ) Ay (F)(Cre?m Tt 4 ChemnI2)

L1 d ' , | /
_/ —Gp(x, Lo, 2, 2)(C3e™" + Cpe ") d2’
4 dz

= Z Am73(77)i)\n(clei)\nlz2 _ C2e—i>\nL2)

The A,, s coefficients are determined by the imposed Dirichlet and Neumann boundary con-
ditions on the base and walls of the finite volume.

11 General Step-by-Step Prescription for RTM in a finite vol-

ume where the velocity configuration is c¢(z,y, 2)

Step (1) For a desired downward continued /migration output point (z,y, z) for determining
P(z,y,z,w)

wQ

{VQ + CQ(JJ/y/Z,)} GO(JL‘/,y’, Z’,x7y’ sz) = 5(1. _ I”)(S(y B y/)é-(z _ Z,)
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for a source at (z,y,2) and P is the physical/causal solution satisfying

2
19 w
{V i 2} P!,y 2, s, 20,w) = A@)O(3 = 2,)0(5' — 5)3( — 2,)

(2 y', 2')
G is the auxiliary or Green function satisfying

u}2

{VIZ - 02(95/3/2/)} Go(z,y, 2,2y, 2, w) = 6(z — 2")d(y — y)d(z — &)

for (z,y,2) in V and Go and V'Gy - 7’ are both zero for (2,4, 2’) on the lower surface Sp,
and the walls Sy of the finite volume.

The solution for Gg in V and on S can be found by a numerical modeling algorithm where the
'source’ is at (z,y, z) and the field, Go, at (2/, v/, 2’) and VG- are both imposed to be zero on
Sp, and Syy. Once that model is run for a source at (z,y, ) for Go(2', v/, 2/, x, y, z,w) [for every
eventual wave prediction point, (x,y,z), for P| where G satisfies Dirichlet and Neumann
conditions for (2/,y’,2’) on Sp, and Sy we output Go(2',v', 2, z,y, z,w) for (2/,y,2") on Sy
(the measurement surface).

Step (2) Downward continue the receiver

0Gy
P(x>yaz7xsays>257w) :/{82/(:c,y,z,x',y',z',w)P(m',y’,z’,xs,ys,zs,w)
aP / / / / / !/ / /
7@(:C7y7zyx87y57287w)G0('x,y7zal‘7y727w) dl’dy

where 2’ = fixed depth of the cable and (zs, ys, 25) = fixed location of the source. This brings
the receiver down to (z,y, z), a point below the measurement surface in the volume V.

Step (3) Now downward continue the source

0Gy
P(xg,yg,z,z:,y,z,w) :/{ 62 (m,y,z,xs,ys,zs,w)P(xg,yg,z,xs,ys,zs,w)
s
oP
- 82 ($97y97Z7x57yS?ZS7W)GU(x7y7Zax87y87zsaw) dxsdys
S

P(xg,yq,2,%,y, 2,w) is a downward continued receiver to (z4,yg, 2) and the source to (z,y, 2)
and change to midpoint offset P(xm, Th, Ym, Yh, 2m, 2n = 0,w) and

0Gy
/dw{ aZ (mvy7Z;x87y87Zs,W)P(.I'g,yg7z7x87y87287w)
S

oP
- a(xm Yg, %, Ts,Ysy Zs U.))G()(.%’, Y, 2,Ts5Ysy Rs; w)}
S
and Fourier transform over x,,, Tp, Ym, yp to find ]B(kzm, kxy s Ky s Kyy, s Kz 2n = 0, = 0) the
RTM uncollapsed migration for a general v(x,y, z) velocity configuration.
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12 RTM and Inverse Scattering Series (ISS) imaging: now and
the future

In practice, RTM is often applied using a wave equation that avoids reflections at reflectors
above the target. Impedance matching at boundaries in the modeling, allows density and
velocity to both have rapid variation at a reflector, but are arranged so that the normal
incidence reflection coefficient will be zero. The result ia a smooth ’apparent velocity’ that can
support diving waves, but seeks to avoid the discontinuous velocity model commitment that
including reflections would require. In RTM, including those reflections above the reflector to
be imaged, drives a need for an accurate and discontinuous velocity model. The ISS imaging
methods welcome (and require) all the reflectors above the one reflector being imaged, without
implying a concomitant need for an accurate discontinuous velocity model.

One way to view the RTM to ISS imaging step is as removing reflectionless reflectors by an
'‘impedance matching’ differential equation in RTM to avoid the need for a commitment to
an accurate and discontinuous velocity. With ISS imaging we have the opposite situation:
the welcome of all reflections to the imaging of any reflector, and without the need to know
or determine the discontinuous velocity model. That’s the next step, and our first field data
tests with ISS imaging are underway. In the interim, we thought it useful to provide an
assist to current best imaging RTM practice. We will be returning reflections to reflectors
thereby turning the problem, observation, and obstacle in current RTM into the instrument
of significant imaging progress, and without the need for a velocity model, discontinuous or
otherwise.

13 Summary

- Migration and migration-inversion: required velocity information for location and beyond
velocity only for amplitude analyses at depth.

- So when we say medium is ’known,” the meaning of known depends on the goal: migration
or migration-inversion.

- Backpropagation and imaging: each evolved and then extended/generalized and merged into
migration-inversion.

For one way wave propagation the double downward continued data, D is

oGy P
Sy azg

~D
D(at depth) = / Gy D dSydS;
S, 82’5

where D in the integrand = D(on measurement surface), 0G D 9z, — anticausal Green func-
tion with Dirichlet boundary condition on the measurement surface, s = shot, and g = receiver.
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1. infinite hemisphere with known model 2. finite volume with known model
Known
Known
Unknown

3. finite volume with approximately
known model (Stolt, SEP24)

4. infinite hemisphere with

Approximately Known unknown model (ISS)

Unknown
Unknown

Figure 6: Backpropagation model evolution

For two way wave double downward continuation:

DN DN
0G4 / {8G0 D+ aDG{?N} ds,
S

D(at depth) = /

0z 0z 0zg
0 OGEPN 0D
DN 0 DN
D+ — d dS,
rapv L [ {29 2D gpv) Sg] s

where D in the integrands = D(on measurement surface). GE is neither causal nor an-
ticausal. GPY is not an anticausal Green function; it is not the inverse or adjoint of any
physical propagating Green function. It is the Green function needed for Reverse Time Mi-
gration (RTM). G&¥ is the Green function for the model of the finite volume that vanishes
along with its normal derivative on the lower surface and the walls.

If you want to use the anticausal Green function of the two way propagation with Dirichlet
boundary conditions at the measurement surface then you can do that, but you will need
measurements at depth and on the vertical walls.

To have the Green function for two way propagation that doesn’t need data at depth and on
the vertical sides/walls, that requires a non-physical Green function that vanishes along with
its derivative on the lower surface and walls.
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In the Inverse Scattering Series (ISS) model sketch 4 in Figure 6 the Lippmann-Schwinger
(LS) equation over all space, rather than Green’s theorem, is called upon and the Lippmann-
Schwinger equation requires no imposed boundary conditions on S since all boundary con-
ditions are already incorporated in LS from linearity/superposition and causality (Equa-
tion (29)).

The appropriate Green function, for a closed surface integral in Green’s theorem, with an
arbitrary and known medium within the volume can be satisfied with any Green function
satisfying the propagation properties within the volume and with Dirichlet, Neumann, or
Robin boundary conditions on the closed surface. The issue and/or problem in exploration
reflection seismology is the measurements are only on the upper surface.

Why Green’s theorem for migration algorithms.

1. Allows a wave theoretical platform /framework for wavefield prediction from surface measure-
ments that builds on quantitative and potential field theory history and evolution.

2. Allows (Z,w) processing without transform artifacts and yet is wave theoretic in a (#,w) world
where up-down is not so simple to define as in (k,w). Deghosting (Zhang (2007)) and wavelet
estimation (Weglein and Secrest (1990)) are other examples where Green’s theorem provides
(Z,w) advantage.

3. Allows avoidance of very common pitfalls and erroneous algorithm derivations based on qual-
itative (at best) methods launched from Huygens’ principle or discrete matrix inverses and it
allows the wave theoretic imaging conditions introduced by Clayton and Stolt (1981) and Stolt
and Weglein (1985) to be used rather than the lesser cross-correlation of wavefield imaging
concepts.

Backpropagation is quantitative from Green’s theorem rather than these: G, L Gy, less wave
theoretic more generalized inverse, discrete matrix thinking approaches for backpropagation.

For RTM and Green’s theorem the data, D, at depth is definitely not
D # / Gos / G D (Huygens)

where G indicates an anticausal Green function. This is OK with Huygens but violates Green’s theorem
and the equation is not dimensionally consistent with the right hand side not having the di-
mension of data, D. The data, D, at depth for one way waves is

-D -D
D= / Gy Gy D dS, dSs (Green)
S 82’5 S (929
s g

where D = Dirichlet boundary condition on top and G anticausal. This is OK with Green
but not for two way RTM propagation. The data, D, at depth for two way waves is

B dGDN OGPN _aD N
D = / o /S{ 5o D+ 5, Gb }dsg
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DN D
LGDN 0 / {6G0 D+ aG(l))N} dSy| dSs (Green)
S

0z 0z4 0z

where DN = Dirichlet and Neumann boundary conditions to be imposed on bottom and walls
and GOD N is neither causal nor anticausal nor a combination.

PG,

Figure 7: Qualitative vs. quantitative wave propagation: (Left) Huygens, and e.g., Whitmore, McMechan,
Fletcher et al. Berkhout, Claerbout, Schuster, Yi Luo; (Right) Green, and e.g., Morse and
Feshbach, Born and Wolf, Stolt, Schneider, Esmersoy and Oristaglio (1988), Weglein and Secrest
(1990), Weglein et al. (1997), Liu et al. (2006), Ramirez and Weglein (2009)

14 Comments and future developments

In this manuscript, we provide a firm foundation for RT'M based on Green’s theorem. Asin the
case of interferometry (Ramirez and Weglein (2009)) misuse, abuse and/or misunderstanding
of Green’s theorem in RTM has also led to strange and curious interpretations, and to opinions
being offered about the cause of artifacts and observed problems and communicating 'deep new
insights’ that are neither new nor accurate. We communicate here to simply understand and
stick with Green’s theorem as the guide and solution in both cases, interferometry and RTM.
The original RTM methods of running the wave equation backwards with surface reflection
data as a boundary condition is not a wave theory method for wavefield prediction, neither
in depth nor in reversed time. In Huygens’ principle the wavefield prediction doesn’t have
the dimension of a wavefield. In fact that idea corresponds to the Huygens’ principle idea
(Huygens (1690)) which was made into a wave theory predictor by George Green in 1826.
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16 Appendix A: Confirmation that the Green function Equa-
tion (49), when used in Green’s theorem, will produce a
two way wave for a < z < b with only measurements on the

upper surface.

b
-1 . g 1 . /
— dz' —ikz ikz ik|z—2| /’
/a 2 g e + 5% " p(z0 w)

Go(z,2' w)

A . —1 . _ 1 . ,
_|_|Z (Aezkz —l:rBe_ZkZ ) ﬂe—zkzezkz ik + ﬂezkz\z—z Ilki Sgn(z - Z/)(—l)
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